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Abstract
The multi-point Monin-Obukhov similarity theory (MMO) scaling properties of the surface-layer
statistics were derived analytically, including one-point fluctuation statistics, multi-point statistics, and the
mean velocity profile. The Monin-Obukhov similarity theory (MOST) is the foundation for understanding the
atmospheric surface layer. While many surface-layer statistics has been shown to follow MOST, a number of
important statistics do not conform toMOST due to the incomplete similarity. MMOwas proposed by Tong &
Nguyen (2015) to address the issue of the incomplete similarity and has been successfully used in predicting
turbulence spectra. However, both MOST and MMO were proposed as hypotheses based on phenomenology.
Measurements can provide support to them, but cannot positively prove them. In this work, starting from
the singularity nature of the convective atmospheric surface layer (CBL), we employ the method of matched
asymptotic expansions to analytically derive them.
We derive MOST and the local-free-convection (LFC) scaling from the equations for the velocity
and potential temperature variances. The different dominance of the buoyancy and shear effects in the
outer and inner layers results in a nonuniformly valid solution and a singular perturbation problem. The
Obukhov length L is shown to be the length scale of the inner layer and the inner expansions are functions
of z/L, where z is the height from the ground, providing a proof of MOST. The LFC scaling is obtained by
matching the leading-order terms between the two layers. We also derive the second-order corrections to the
leading-order terms. The resulting composite solutions show very good agreement with field data. We derive
MMO analytically for the case of the horizontal Fourier transforms of the velocity and potential temperature
fluctuations, using the spectral forms of the Navier-Stokes and the potential temperature equations. We show
that for the large-scale motions (wavenumber k < 1/z) in a convective surface layer the solution is uniformly
valid with respect to z (i.e., as z decreases from z > −L to z < −L). However, for z < −L the solution is
ii
not uniformly valid with respective to k as it increases from k < −1/L to k > −1/L, resulting in a singular
perturbation problem. We show that (1) −L is the characteristic horizontal length scale; (2) The Fourier
transforms satisfy MMO with the nondimensional wavenumber −kL as the independent similarity variable.
Two scaling ranges, the convective range and the dynamic range, discovered for z  −L in Tong & Nguyen
(2015) are obtained. We derive the leading-order spectral scaling exponents for the two scaling ranges and the
corrections to the scaling ranges for finite ratios of the length scales. The analysis also reveals the dominant
dynamics in each scaling range. The analytical derivations of the characteristic horizontal length scale (L)
and the validity of MMO for the case of two-point horizontal separations provide strong support to MMO for
general multi-point velocity and temperature differences. The mean velocity profile in the CBL is also derived
using matched asymptotic expansions with the scaling properties needed provided by MMO. The shear-stress
budget equations and the mean momentum equations are employed in the derivation. Three scaling layers
are identified: the outer layer, which includes the mixed layer, the inner-outer layer and the inner-inner layer,
which includes the roughness layer. There are two overlapping layers: the local-free-convection layer and
the log layer, respectively. Two new velocity-defect laws are discovered: the mixed-layer velocity-defect law
and the surface-layer velocity-defect law. The LFC mean profile is obtained by asymptotically matching
the expansions in the first two layers. The log law is obtained by matching the expansions in the last two
layers. The von Kármán constant is obtained using velocity and length scales, and therefore has a physical
interpretation. A new friction law, the convective logarithmic friction law, is obtained. The present work
provides an analytical derivation of the mean velocity profile hypothesized in MOST.
iii
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Chapter 1
Introduction
The atmospheric boundary layer (ABL) is the lowest part of the Earth’s atmosphere where most
human activity takes place. While the Earth’s atmosphere can extend to thousands of kilometers in height, the
lowest layer, called the troposphere, where nearly all weather conditions take place, only occupies the first 10
kilometers. The ABL, which is the lowest part of the troposphere, is directly affected by the Earth’s surface.
The depth of the ABL is typically ∼ 1 to 2 km and is variable in space and time. It plays an important role in
transporting momentum, moisture and pollutants between the Earth’s surface and the free atmosphere. The
interactions between the Earth’s surface and the ABL generally occurs in two ways: mechanical (surface stress
through wind shear) and thermal (surface heat flux). The wind shear is caused by the friction at the ground
surface and generates turbulence. When there is no heat flux from the ground, the ABL is said to be neutral
and is in a state of forced convection. During daytime in fair weather, the solar radiation passes through the
atmosphere and heats the ground surface. The ground surface then heats up the air, causing strong surface
thermal heat flux and thermally generated turbulence. Such a daytime ABL, also known as the convective
atmospheric boundary layer (CBL), is said to be unstable, with vigorous surface heat flux. In the absence of
wind shear, the daytime ABL is in a state of free convection.
The CBL is capped by a stable layer called capping inversion, which separates the boundary layer
below and the free atmosphere above. The lowest part of the ABL is called the surface layer, and this
is our focus. A neutral ABL is in many ways similar to the classical flat plate turbulent boundary layer.
Turbulence is generated by the mean shear. In the CBL, there is an upward surface heat flux; therefore,
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the turbulence becomes more complex. The theoretical foundation for our understanding of the atmospheric
surface layer is the Monin–Obukhov similarity theory (MOST; Monin & Obukhov 1954; Obukhov 1946).
MOST hypothesizes that the nondimensional turbulence statistics in the surface layer depend only on a
nondimensional parameter z/L, where L = −u3∗/(κ(g/Θ)Q), with z, L, u∗, κ, g, Θ, and Q the height from
the ground, the Obukhov length, the friction velocity, the von Kármán constant, the gravity acceleration, the
mean potential temperature and the surface temperature flux, respectively. The absolute value of the Obukhov
length L represents the height at which the buoyancy and shear production rates of turbulent kinetic energy
are of the same order. In a height z  −L, the shear production, which is generated by the surface drag, is
greater than buoyancy production. In a height z  −L, the buoyancy effect, which is generated by the surface
heating, dominates over the shear production. The CBL can be divided into two layers: the mixed layer and
the surface layer.
Many important surface-layer statistics have been found to conform to MOST, such as the non-
dimensional mean shear and potential temperature gradients, turbulent kinetic energy budget, the vertical
velocity variance, and the inertial-range spectra and cospectra (e.g., Businger et al. 1971, Wyngaard & Coté
1971, Wyngaard et al. 1971, Kaimal et al. 1972, Kaimal 1978, Högström 1988, Högström 1990). The MOST
scaling has also had a profund impact on many important atmospheric applications. However, it has also been
known since the late 1950s that a number of important surface-layer statistics, such as the horizontal velocity
variances and the large-scale horizontal velocity spectra, do not conform to MOST (e.g., Lumley & Panofsky
1964, Kaimal et al. 1972, Kaimal 1978, Caughey & Palmer 1979, Zilitinkevich 1971, Betchov & Yaglom
1971, Kader 1988, and Yaglom 1994). The non-MOST behaviour renders the surface-layer similarity in the
MOST framework incomplete, raising questions about the existence of general similarity in surface layer. It
also suggests that some fundamental physics is missing from our understanding of the surface layer. In spite
of many previous efforts to address this issue (e.g., Zilitinkevich 1971, Betchov & Yaglom 1971, Kader 1988,
and Yaglom 1994), a resolution has proven to be challenging.
The multi-point Monin–Obukhov similarity theory (MMO; Tong & Nguyen 2015) was proposed to
address the issue of incomplete similarity in MOST. Tong & Nguyen (2015) that the incomplete similarity
was related to two assumptions used in MOST: (1) the length scale of the energy-containing eddies is z, and
(2) L is only a vertical length scale. However, for some important statistics in a convective surface layer (e.g.,
the horizontal velocity variances), z is not the proper scale for the energy-containing motions. The scales of
convective eddies at a height z range from z to zi , where zi is the boundary layer (inversion) height. Therefore,
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the length scale of the energy-containing scale are not properly represented in MOST. To represent the length
scale, the scales of turbulent eddies must be explicitly included in the similarity theory. Therefore, multi-point
statistics, which are functions of the separations between multiple points, need to be used to formulate the
theory. Furthermore, Tong & Nguyen (2015) argued that the Obukhov length L is not only a vertical length
scale, but also a horizontal length scale, which was suggested by the new physical understanding gained in
their AHATS field campaign (Nguyen 2015; Nguyen & Tong 2015), because the fluctuations of wavenumber
k at the height z ∼ 1/k are coupled to those of k at z  1/k by the large convective eddies through the
pressure transport and the pressure–strain-rate correlation. Therefore, the buoyancy effects are also important
at a height z  −L for wavenumbers k  −1/L. This suggests that L is also a length scale in the horizontal
direction, and −kL is another non-dimensional parameter for the complete similarity in addition to z/L.
MMO hypothesizes that the complete similarity can only be achieved by multi-point statistics, which,
when non-dimensionalized using the surface-layer parameters, depend only on the non-dimensional parame-
ters z/L and −kL. With the above understanding, Tong & Nguyen (2015) used the joint probability density
function of velocity differences to formulate MMO, hypothesizing that all multi-point velocity difference
statistics have similarity properties. MMO predicted that the convective surface layer is a two-layer structure
(i.e., MMO scaling region in Fig. 3.1): convective layer (z  −L) and convective-dynamic layer (z  −L).
Two scaling ranges are discovered in the convective-dynamic layer: the convective range (k  −1/L) in
which the eddies dominated by the buoyancy effects and the dynamic range (k  −1/L) in which the eddies
are dominated by the shear effects. As an application of MMO, the velocity and temperature spectra in the
convective atmospheric surface layer are predicted, with a preliminary comparison with large-eddy simulation
(LES) data showing good agreement.
Within the MMO framework, similarity of one-point statistics, regardless of whether they follow
MOST or not, can be derived from their relationships with multi-point statistics. For example, scaling of the
velocity variances can be obtained from the scaling of the velocity spectra. The similarity properties of mean
gradients can be obtained through equations containing the mean gradients terms, such as the shear-stress
budget equation containing the mean-shear term (chapter 4; Tong & Ding 2020). The scaling of the terms in
the budget equation is obtained using MMO. Therefore, MOST can be regarded as a special case of MMO.
MOSTandMMOwere proposed as hypotheses based on phenomenology. Measurements can provide
support to them, but can not positively prove them. We have recently analytically derived the surface-layer
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similarity from first principles, which are described in the following chapters. Therefore, MMO is no longer
a hypothesis. The atmospheric surface layer is shown to be a singular perturbation problem. Therefore, we
employed the method of matched asymptotic expansions in the derivation. Previously, the method of matched
asymptotic expansions (Bender & Orszag 1978, Van Dyke 1975, and Cousteix & Mauss 2007) has been
successfully employed to derive Kolmogorov’s hypotheses by Lundgren (2003).
In chapter 2, we use the method of matched asymptotic expansions to derive the Monin–Obukhov
similarity theory for the vertical velocity and potential temperature variances. The equations of the vertical
velocity and potential temperature variances are employed in the analysis. MOST predicts that for −z/L  1,
the shear production of the turbulent kinetic energy dominates, and for −z/L  1, the buoyancy production
dominates. In particular, it predicts that for the special case of −z/L  1 (but z/zi  1), the influence
of mean shear becomes negligible, resulting in the so-called local-free-convection (LFC) scaling (Tennekes
1970, Wyngaard et al. 1971). When the conditions −z/L  1 and z/zi  1 are not satisfied (e.g., −z/L ∼ 1
or z/zi ∼ 1), we expect departure from the LFC scaling (Wyngaard et al. 1971). By examining the variance
equations for the velocity components and potential temperature, the solution is shown to be a singular
perturbation problem in the vertical direction, with two layers dominated by the buoyancy production and
shear production, respectively. The Obukhov length L is shown analytically to be a length scale in the
vertical direction. The LFC scaling and the corrections to the LFC scaling for −z/L ∼ 1 and z/zi ∼ 1 are
obtained by matching the two layers. The composite expansions obtained show very good agreement with
field measurement data.
In chapter 3, we analytically derive MMO from first principles using the method of matched asymp-
totic expansions. The Navier–Stokes equations and the potential temperature equation in the Fourier space
were employed in the analysis. We show that for the large-scale convective motions (k < −1/L), the solution
is uniformly valid in the z direction, with the scaling unchanged as z decreases from z > −L to z < −L. For
the convective-dynamic layer (z < −L), as k increases from k < −1/L to k > −1/L, the scaling changes,
resulting in a singular perturbation problem. Therefore, L is shown analytically to be also a length scale in
the horizontal direction and −kL enters as a new non-dimensional parameter. From the singularity in the
wavenumber k direction, the convective-dynamic layer is shown analytically to have two ranges: convective
range and dynamic range, as hypothesized in MMO (Tong & Nguyen 2015).
As part of a comprehensive analytical derivation of the MMO scaling properties of the surface-
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layer statistics from first principles, we also derive the mean velocity profile using the method of matched
asymptotic expansions in chapter 4. The scaling properties of the statistics in the shear-stress budget equations
and the mean momentum equations used in the derivation are provided from MMO (Tong & Nguyen 2015;
Tong & Ding 2019). The mean velocity profile, being the solution of a singular perturbation problem in the
vertical direction, is shown to have a three-layer structure. Two new velocity-defect laws are discovered: the
mixed-layer velocity-defect law and the surface-layer velocity-defect law. The local-free-convection mean
profile and the log law, which were previously hypothesized, are obtained analytically by matching the layers.
Conclusions and discussions are given in chapter 5.
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Chapter 2
Monin-Obukhov similarity and
local-free-convection scaling in the
atmospheric boundary layer using
matched asymptotic expansions
© American Meteorological Society. Used with permission.
2.1 Introduction
While MOST has been successfully used in predicting the surface layer scaling, it is nevertheless a
hypothesis based largely on the phenomenology of the surface layer and dimensional arguments. Measure-
ments can provide support to MOST, but cannot positively prove it. In the present study, we derive MOST and
the LFC scaling from first principles using the equations for the velocity and potential temperature variances
and the method of matched asymptotic expansions (Bender & Orszag 1978, Van Dyke 1975, Cousteix &
Mauss 2007). We also derive from the expansions the corrections to account for the departure from the LFC
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scaling for −z/L ∼ 1 or z/zi ∼ 1. The composite expansions include the influence of both −z/L and −zi/L,
and are based on the physics of the surface layer. The former is an approximation of the Monin–Obukhov
functions near −z/L ∼ 1, whose functional forms cannot be obtained analytically from dimensional analysis.
Instead they must be obtained empirically from observations. The influence of −zi/L is absent in MOST.
Thus the derivation is a major step toward an analytical proof of MOST.
In the following we first examine the variance equations for the velocity components and potential
temperature to identify the mathematical structure of the problem (a singular perturbation problem). We then
perform the method of matched asymptotic expansions to obtain MOST and the LFC scaling as well as the
corrections to the latter for −z/L ∼ 1 or z/zi ∼ 1. The analytical results for LFC are then compared with
measurements and are followed by the conclusions.
The equations for the velocity components and potential temperature variances in a horizontally
homogeneous atmospheric boundary layer are (e.g., Wyngaard & Coté 1971)
1
2
∂w2
∂t
= −
1
2
∂w3
∂z
+ p
∂w
∂z
−
∂pw
∂z
+
g
T
wθ − ε3, (2.1)
1
2
∂u2
∂t
= −uw
∂U
∂z
−
1
2
∂wu2
∂z
+ p
∂u
∂x
− ε1, (2.2)
1
2
∂v2
∂t
= −
1
2
∂wv2
∂z
+ p
∂v
∂y
− ε2, (2.3)
1
2
∂θ2
∂t
= −wθ
∂Θ
∂z
−
1
2
∂wθ2
∂z
− εθ, (2.4)
where ε1, ε2, ε3, and εθ are dissipation rates for u2/2, v2/2, w2/2, and θ2/2, respectively, and p is the
kinematic pressure. The upper and lower case letters denote the mean and fluctuating variables, respectively.
When the shear production is absent (free convection), Eqs. (2.1)–(2.4) have the mixed-layer scaling; therefore
the resulting non-dimensional solutions are functions of the non-dimensional independent variable z/zi:
w2
w2∗
= w2o
( z
zi
)
,
u2
w2∗
= u2o
( z
zi
)
,
v2
w2∗
= v2o
( z
zi
)
,
θ2
(Q/w∗)2
= θ2o
( z
zi
)
, (2.5)
where w∗ = (βQzi)1/3 is the mixed-layer velocity scale. The subscript o will be used to denote the outer
variables defined in the next section. The mixed-layer scaling also holds in the presence of the mean shear
production for z  −L, since the effects of the shear production (of u2) are small within this range of heights.
Note that the terms in the u2 and v2 equations acquire the mixed-layer scaling (except the shear production
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term) due to the pressure–strain-rate correlation. However, the solutions in (2.5) are not valid for −z/L . 1,
where the shear production , which has the surface layer scaling (due to the parameters u∗ and z), becomes a
leading term in Eqs. (2.2) and (2.3), i.e., the presence of the shear production term results in a non-uniformly
valid solution. This shear-production-dominated layer always exists, as long as it is above the roughness
layer, for any small, but non-zero mean shear. Therefore, zero mean shear is a singular limit for the solution,
i.e., the structure of the solution for a case with the mean shear approaching zero (but not equal to zero) is
fundamentally different from that with the mean shear equaling zero. Consequently, the system described by
Eqs. (2.1)–(2.4) has the structure of a singular perturbation problem, whose solution can be obtained using
the method of matched asymptotic expansions. The layers with −z/L  1 and −z/L . 1 are the so-called
outer and inner layers respectively.
2.2 Matched asymptotic expansions
In this section we use the method of matched asymptotic expansions to solve the singular perturbation
problem to derive MOST and the LFC scaling for the vertical velocity (the horizontal components do not have
this scaling) and potential temperature variances, as well as to obtain the second-order corrections to the LFC
scaling. Matched asymptotic expansions are a method to solve a set of differential equations having a solution
that has different scaling in different parts of the solution domain. The solution in each part of the domain is
expressed as series expansions with their own scaling. The expansions in different parts are asymptotically
matched to obtain composite expansions (uniform solution).
2.2.1 Outer expansions
We define the dimensionless outer variables in the singular perturbation problem w2o, u2o, v2o, θ2o,
(∂Θ/∂z)o, zo, po, wθo, wθ2o, and τ using the mixed-layer scales as follows:
w2 = w2∗w
2
o, u2 = w
2
∗u
2
o, v2 = w
2
∗v
2
o, θ2 = (
Q
w∗
)2θ2o,
∂Θ
∂z
=
Q
w∗zi
( ∂Θ
∂z
)
o
,
z = zizo, p = w2∗po, wθ = Qwθo, wθ2 = (
Q
w∗
)2w∗wθ
2
o, t =
zi
w∗
τ.
(2.6)
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The non-dimensional forms of Eqs. (2.1), (2.2), and (2.4) in terms of the outer variables are
1
2
∂w2o
∂τ
= −
1
2
∂w3o
∂zo
+
(
p
∂w
∂z
)
o
−
(
∂pw
∂z
)
o
+ wθo − ε3o, (2.7)
1
2
∂u2o
∂τ
= −uw
∂U
∂z
zi
w3∗
−
1
2
∂wu2o
∂zo
+
(
p
∂u
∂x
)
o
− ε1o, (2.8)
1
2
∂θ2o
∂τ
= −wθo
( ∂Θ
∂z
)
o
−
1
2
∂wθ2o
∂zo
− εθo . (2.9)
For convenience, the equation for v2o is not given as it is not explicitly used in the analysis. In the outer
layer, the buoyancy production term and the pressure–strain-rate terms are of order one (leading terms),
while the non-dimensional shear production term −uw(∂U/∂z)(zi/w3∗ ) < (u3∗/z)(zi/w3∗ )  1; therefore it is a
second-order term and can be written as
−uw
∂U
∂z
zi
w3∗
= εuwo
( ∂U
∂z
)
o
, (2.10)
where ε is a small parameter whose order of magnitude is yet to be determined. However, it will become a
leading term when z is sufficiently small, and therefore results in a non-uniformly valid solution and a singular
perturbation problem. Unlike this shear production term, the production of θ2o in Eq. (2.9) is a leading term,
and therefore is not the source of singularity as zo → 0.
The outer expansions of the velocity components and potential temperature and their variances in
terms of the power of ε can be written as:
wo(zo) = wo,1(zo) + εwo,2(zo) +O(ε2),
uo(zo) = uo,1(zo) + εuo,2(zo) +O(ε2),
θo(zo) = θo,1(zo) + εθo,2(zo) +O(ε2),
(2.11)
w2o(zo) = w2o,1(zo) + 2εwo,1(zo)wo,2(zo) +O(ε2),
u2o(zo) = u2o,1(zo) + 2εuo,1(zo)uo,2(zo) +O(ε2),
θ2o(zo) = θ2o,1(zo) + 2εθo,1(zo)θo,2(zo) +O(ε2).
(2.12)
The equations for the leading-order terms w2o,1, u2o,1, and θ2o,1 are obtained by substituting (2.11) and (2.12)
into (2.7), (2.8), and (2.9) and collecting terms of order one (ε0) .
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2.2.2 Inner expansions and a proof of MOST
As discussed above, when z is sufficiently small (in the inner layer), the term containing the mean
shear in Eq. (2.8) becomes a leading term and the outer solution is no longer valid. A new scaling is needed
in the inner layer. We define the dimensionless inner variables w2in, u
2
in, θ
2
in, (∂Θ/∂z)in, zin, pin, wθin, and
wθ2in as follows:
w2 = u2∗w
2
in, u
2 = u2∗u
2
in, θ
2 = (
Q
u∗
)2θ2in,
∂Θ
∂z
=
Q
u∗L ′
( ∂Θ
∂z
)
in
,
z = L ′zin, p = u2∗pin, wθ = Qwθin, wθ2 = (
Q
u∗
)2u∗wθ2in,
(2.13)
where L ′ is the inner length scale (thickness of the inner layer), yet to be determined. Here u∗ is used as
the velocity scale, as shown in the derivation of the multi-point Monin-Obukhov similarity (MMO) (Tong &
Nguyen 2015, Tong & Ding 2019). The non-dimensional forms of Eqs. (2.1), (2.2), and (2.4) in terms of the
inner variables are
1
2
u2∗w∗
zi
∂w2in
∂τ
= −
1
2
∂w3in
∂zin
u3∗
L ′
+
(
p
∂w
∂z
)
in
u3∗
L ′
−
(
∂pw
∂z
)
in
u3∗
L ′
+
g
T
Qwθin − ε3in
u3∗
L ′
, (2.14)
1
2
u2∗w∗
zi
∂u2in
∂τ
= −uwin
(
∂U
∂z
)
in
u3∗
L ′
−
1
2
∂winu2in
∂zin
u3∗
L ′
+
(
p
∂u
∂x
)
in
u3∗
L ′
− ε1in
u3∗
L ′
, (2.15)
1
2
(
Q
u∗
)2
w∗
zi
∂θ2in
∂τ
= −Q
Q
u∗L ′
wθin
( ∂Θ
∂z
)
in
−
1
2
(
Q
u∗
)2 u∗
L ′
∂wθ2in
∂zin
− εθin
Q2
u∗L ′
. (2.16)
In the inner layer z . L ′, −uw(∂U/∂z) needs to be a leading-order term; thus it must scale as
−uw
∂U
∂z
∼ u2∗
u∗
L ′
∼ p
∂u
∂x
∼ p
∂w
∂z
∼
g
T
Qwθin, (2.17)
leading to gQ/T ∼ u3∗/L ′. The fact that the pressure–strain-rate correlation terms are of the same order of
magnitude and are leading-order terms in both the u2in and w
2
in equations is used in deriving expression (2.17).
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Therefore the inner length scale L ′ is the Obukhov length. Eqs. (2.14), (2.15), and (2.16) become
1
2
ε ′
∂w2in
∂τ
= −
1
2
∂w3in
∂zin
+
(
p
∂w
∂z
)
in
−
(
∂pw
∂z
)
in
+ wθin − ε3in, (2.18)
1
2
ε ′
∂u2in
∂τ
= −uwin
(
∂U
∂z
)
in
−
1
2
∂winu2in
∂zin
+
(
p
∂u
∂x
)
in
− ε1in, (2.19)
1
2
ε ′
∂θ2in
∂τ
= −wθin
∂Θin
∂zin
−
1
2
∂wθ2in
∂zin
− εθin, (2.20)
where
ε ′ = −
L
zi
w∗
u∗
= κ−
1
3 (−
zi
L
)−
2
3 (2.21)
is a small parameter. We note that for the vertical velocity and temperature variances follow MOST, i.e., to
be M-O similar, and to have solutions that scale with the inner variables, the variance equations must also be
M-O similar. Although the horizontal velocity variances have mixed-layer scaling and is not M-O similar,
their rate equations are (or has apparent M-O similarity) (Ding et al. 2018, Tong & Ding 2018). Therefore,
the dynamics of the horizontal and vertical velocity components in the surface layer are M-O similar. We can
therefore write the inner expansions for the vertical velocity and potential temperature variances as
w2in(zin) = w
2
in,1(zin) + 2ε
′win,1(zin)win,2(zin) +O(ε ′2),
θ2in(zin) = θ
2
in,1(zin) + 2ε
′θin,1(zin)θin,2(zin) +O(ε ′2).
(2.22)
The results in (2.22) are of fundamental importance: They show that the non-dimensional vertical velocity
and potential temperature variances are functions of z/L only, thus providing a proof of MOST for these
variables.
2.2.3 Asymptotic matching to derive the LFC scaling
Since the outer and inner expansions describe the dynamics at the outer and inner scales respectively,
and are valid for −z/L  1 and z/zi  1, there exists an overlapping region where both conditions are
satisfied and the expansions represent the same function. Therefore, if we write the outer expansion as
function of the inner variable and the inner expansion as function of the outer variable, they should be equal.
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The inner expansion of the outer expansion of w2 is
w2 = w2∗
(
w2o,1(−
L
zi
zin) + 2εwo,1(−
L
zi
zin)wo,2(−
L
zi
zin) + · · ·
)
as ε → 0, with zin fixed
∼ u2∗(−
zi
L
)
2
3 w2o,1(−
L
zi
zin),
∼ u2∗(−
zi
L
)
2
3 (−
L
zi
zin)α,
(2.23)
keeping only one term.
The outer expansion of the inner expansion of w2 is
w2 = u2∗
(
w2in,1(−
zi
L
zo) + 2ε ′win,1(−
zi
L
zo)win,2(−
zi
L
zo) + · · ·
)
as ε ′→ 0, with zo fixed
∼ w2∗ (−
L
zi
)
2
3 w2in,1(−
zi
L
zo),
∼ u2∗z
α
in.
(2.24)
Matching (2.23) and (2.24) results in α = 2/3. Thus,
w2 ∼ w2∗ (
z
zi
)
2
3 ∼ u2∗(−
z
L
)
2
3 = u2f . (2.25)
This is the LFC scaling for the vertical velocity variance, and u f is the velocity scale.
The inner expansion of the outer expansion of θ2 is
θ2 =
( Q
w∗
)2 (
θ2o,1(−
L
zi
zin) + 2εθo,1(−
L
zi
zin)θo,2(−
L
zi
zin) + · · ·
)
as ε → 0, with zin fixed
∼
( Q
u∗
)2
(−
L
zi
)
2
3 θ2o,1(−
L
zi
zin),
∼
( Q
u∗
)2
(−
L
zi
)
2
3 (−
L
zi
zin)γ,
(2.26)
keeping only one term.
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The outer expansion of the inner expansion of θ2 is
θ2 =
( Q
u∗
)2 (
θ2in,1(−
zi
L
zo) + 2ε ′θin,1(−
zi
L
zo)θin,2(−
zi
L
zo) + · · ·
)
as ε ′→ 0, with zo fixed
∼
( Q
w∗
)2
(−
zi
L
)
2
3 θ2in,1(−
zi
L
zo),
∼
( Q
u∗
)2zγin.
(2.27)
Matching (2.26) and (2.27) results in γ = −2/3. Thus,
θ2
o,1 ∼ (
z
zi
)−
2
3 . (2.28)
This is the LFC scaling for the temperature variance.
2.2.4 Second-order corrections to the leading-order solutions (LFC scaling)
When the conditions for the overlapping region (−z/L  1 and z/zi  1) are not satisfied, departures
from the LFC scaling (2.25 and 2.28) are expected. Corrections to account for the departures can be made by
including the higher-order terms in the expansions in (2.12) and (2.22). To obtain the second-order terms in
(2.12) and (2.22), we need to first determine the scaling of the shear production term −uw(∂U/∂z) and the
small parameter ε . Since the surface layer is a “constant flux” layer (e.g., Haugen et al. 1971), the turbulent
flux uw is approximately independent of height from the surface and scales as u2∗ . We consider the shear stress
(uw) budget equation (e.g., Wyngaard et al. 1971),
∂uw
∂t
+ w2
∂U
∂z
−
g
T
uθ +
∂uw2
∂z
+
w∂p
∂x
+
u∂p
∂z
= 0. (2.29)
Non-dimensionalizing uw by u2∗ , t by z/u f , and w2 by u2f results in
z
u f
1
u2∗
∂uw
∂t
+
z
u f
1
u2∗
w2
∂U
∂z
+
z
u f
1
u2∗
(
−
g
T
uθ +
∂uw2
∂z
+
w∂p
∂x
+
u∂p
∂z
)
= 0. (2.30)
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The shear production term must be a leading term (O(1)) in Eq. (2.29). Thus,
z
u f
1
u2∗
w2
∂U
∂z
∼
z
u f
1
u2∗
u2f
∂U
∂z
∼ 1, (2.31)
resulting in
∂U
∂z
∼
u∗
z
(−
z
L
)−
1
3 , (2.32)
which is the same as that obtained using dimensional analysis (Carl et al. 1973). Therefore, the appropriate
outer scale for ∂U/∂z is (u∗/zi)(−zi/L)−1/3. We can then define the outer variable (∂U/∂z)o as
( ∂U
∂z
)
o
=
∂U
∂z
/(u∗
zi
(−
zi
L
)−
1
3
)
= (
z
zi
)−
4
3 = z
− 43
o . (2.33)
The shear production term in Eq. (2.8) can then be written as
−uw
∂U
∂z
= u2∗uwo
u∗
zi
(−
zi
L
)−
1
3
( ∂U
∂z
)
o
=
u3∗
zi
(−
zi
L
)−
1
3 uwo
( ∂U
∂z
)
o
. (2.34)
Its non-dimensional form is
−uw
∂U
∂z
zi
w3∗
=
u3∗
w3∗
(−
zi
L
)−
1
3 uwo
( ∂U
∂z
)
o
= (−
zi
L
)−
4
3 uwo
( ∂U
∂z
)
o
. (2.35)
Therefore the small parameter ε in Eq. (2.10) is
ε = (−
zi
L
)−
4
3 . (2.36)
Substituting the outer expansions in (2.12) into Eqs. (2.7), (2.8), and (2.9) and collecting the terms of order
ε , we obtain the second-order equations for the outer variables,
∂wo,1wo,2
∂τ
= −
3
2
∂w2
o,1wo,2
∂zo
+
(
p
∂w
∂z
)
o,2
−
(
∂pw
∂z
)
o,2
+ wθo,2 − ε3o,12, (2.37)
∂uo,1uo,2
∂τ
= −uwo
( ∂U
∂z
)
o
−
∂wo,1uo,1uo,2
∂zo
−
1
2
∂u2
o,1uo,2
∂zo
+
(
p
∂u
∂x
)
o,2
− ε1o,12, (2.38)
∂θo,1θo,2
∂τ
= −wo,1θo,2
( ∂Θ
∂z
)
o
− wo,2θo,1
( ∂Θ
∂z
)
o
−
1
2
∂wo,2θ
2
o,1
∂zo
−
∂wo,1θo,1θo,2
∂zo
− εθo,12.
(2.39)
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Since the first term on the right-hand side of Eq. (2.38) is now a leading term, we have
uwo
( ∂U
∂z
)
o
∼
(
p
∂u
∂x
)
o,2
∼
(
p
∂w
∂z
)
o,2
∼
∂w2
o,1wo,2
∂zo
∼
ρow
2
o,1w
2
o
1
2
,2
zo
, (2.40)
where ρo is the correlation between w2o,1 and w2o
1
2
,2, and ε3o,12, ε1o,12, and εθo,12 are the dissipation rates for
wo,1wo,2, uo,1uo,2, and θo,1θo,2, respectively. Here we assume that the correlation coefficient between wo,1
and wo,2 is also ρo. The fact that the pressure–strain-rate correlation terms are of the same order of magnitude
and are leading terms in Eqs. (2.37) and (2.38) is used in deriving expression (2.40). In the last step the
estimate w2
o,1wo,2 ∼ ρow
2
o,1w
2
o
1/2
,2 is used. Therefore, from (2.33) and (2.25)
z
− 43
o ∼
ρow
2
o,1w
2
o
1
2
,2
zo
, (2.41)
giving
ρow
2
o
1
2
,2 ∼ z
−1
o . (2.42)
Thus the second-order correction term is wo,1wo,2 ∼ ρow2o
1/2
,1 w
2
o
1/2
,2 ∼ z
−2/3
o . From Eq. (2.39) and (2.42),
wo,2θ
2
o,1
zo
∼
wo,1θo,1θo,2
zo
, (2.43)
and
ρθoθ
2
o
1
2
,2 ∼ z
− 53
o , (2.44)
where ρθo is the correlation coefficient between θo,1 and θo,2. Therefore the second-order term θo,1θo,2 ∼
ρθoθ
2
o
1/2
,1 θ
2
o
1/2
,2 ∼ z
−2
o . Thus w2o and θ2o with the second-order corrections for −z/L ∼ 1 are
w2o = w
2
o,1(zo) + 2εwo,1(zo)wo,2(zo) +O(ε2)
= Aκ
2
3 (
z
zi
)
2
3 + Bκ
2
3 (−
zi
L
)−
4
3 (
z
zi
)−
2
3 +O(ε2),
(2.45)
and
θ2o = θ
2
o,1(zo) + 2εθo,1(zo)θo,2(zo) +O(ε2)
= Aθ (
z
zi
)−
2
3 − Bθ κ−
2
3 (−
zi
L
)−
4
3 (
z
zi
)−2 +O(ε2),
(2.46)
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respectively. Rewriting the last two equations in dimensional form and dropping the O(ε2) terms, we have
w2 = w2∗w
2
o = Aκ
2
3 w2∗ (
z
zi
)
2
3 + Bκ
2
3 w2∗ (−
zi
L
)−
4
3 (
z
zi
)−
2
3
= Au2∗(−
z
L
)
2
3 + Bu2∗(−
z
L
)−
2
3 ,
(2.47)
and
θ2 = (
Q
w∗
)2θ2o = Aθ (
Q
w∗
)2(
z
zi
)−
2
3 − Bθ κ−
2
3 (
Q
w∗
)2(−
zi
L
)−
4
3 (
z
zi
)−2
= Aθ κ
2
3 (
Q
u∗
)2(−
z
L
)−
2
3 − Bθ (
Q
u∗
)2(−
z
L
)−2.
(2.48)
Each of these expressions contains two non-dimensional coefficients, which will be determined using mea-
surements (Subsection 2.2.5). Similarly, substituting the inner expansions in (2.22) into (2.18) and (2.20) and
collecting the order ε ′ terms, we have the equations for the second-order inner variables,
1
2
∂w2in,1
∂τ
= −
3
2
∂w2
in,1win,2
∂zin
+
(
p
∂w
∂z
)
in,2
−
(
∂pw
∂z
)
in,2
+ wθin,2 − ε3in,12, (2.49)
1
2
∂θ2
in,1
∂τ
= −win,1θin,2
( ∂Θ
∂z
)
in
− win,2θin,1
( ∂Θ
∂z
)
in
−
∂win,1θin,1θin,2
∂zin
−
1
2
∂win,2θ
2
in,1
∂zin
− εθin,12,
(2.50)
where ε3in,12 and εθin,12 are the dissipation rates for win,1win,2 and θin,1θin,2. Now the term on the left-hand
side of Eq. (2.49) is a leading term, thus
∂w2in,1
∂τ
∼
∂w2
in,1win,2
∂zin
∼
ρinw
2
in,1w
2
in
1
2
,2
zin
. (2.51)
In the last step the estimate w2
in,1win,2 ∼ ρinw
2
in,1w
2
in
1/2
,2 is used, where ρin is the correlation between w
2
in,1
and w2in
1/2
,2 , and we assume that the correlation coefficient between win,1 and win,2 is also ρin. Therefore, from
Eq. (2.25),
z
2
3
in ∼
ρinw
2
in,1w
2
in
1
2
,2
zin
, (2.52)
resulting in
ρinw
2
in
1
2
,2 ∼ z
1
in. (2.53)
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Thus the second-order correction term is win,1win,2 ∼ ρinw2in
1/2
,1 w
2
in
1/2
,2 ∼ z
4/3
in . From Eqs. (2.50) and (2.25),
∂θ2
in,1
∂τ
∼
∂win,1θin,1θin,2
∂zin
, (2.54)
and
ρθinθ
2
in
1
2
,2 ∼ z
1
3
in, (2.55)
where ρθin is the correlation between θin,1 and θin,2. Therefore the second-order term θin,1θin,2 ∼ ρθinθ2in
1/2
,1 θ
2
in
1/2
,2 ∼
z0in. Thus w
2
in and θ
2
in with the second-order corrections are
w2in = w
2
in,1(zin) + 2ε
′win,1(zin)win,2(zin) +O(ε ′2)
= A(−
z
L
)
2
3 − Cκ−
2
3 (−
zi
L
)−
2
3 (−
z
L
)
4
3 +O(ε ′2),
(2.56)
and
θ2in = θ
2
in,1(zin) + 2ε
′θin,1(zin)θin,2(zin) +O(ε ′2)
= Aθ κ
2
3 (−
z
L
)−
2
3 − Cθ κ
2
3 (−
zi
L
)−
2
3 (−
z
L
)0 +O(ε ′2),
(2.57)
respectively. Rewriting the last two equations in dimensional form and dropping the O(ε ′2) terms, we have
w2 = u2∗w
2
in = Au
2
∗(−
z
L
)
2
3 − Cκ−
2
3 u2∗(−
zi
L
)−
2
3 (−
z
L
)
4
3
= Aw2∗ κ
2
3 (
z
zi
)
2
3 − Cw2∗ (
z
zi
)
4
3 ,
(2.58)
and
θ2 = (
Q
u∗
)2θ2in = Aθ κ
2
3 (
Q
u∗
)2(−
z
L
)−
2
3 − Cθ κ
2
3 (
Q
u∗
)2(−
zi
L
)−
2
3 (−
z
L
)0
= Aθ (
Q
w∗
)2(
z
zi
)−
2
3 − Cθ (
Q
w∗
)2(
z
zi
)0.
(2.59)
The non-dimensional coefficients in the above equations will be determined below. Summing the two
asymptotic expansions and subtracting the common parts, we obtain the composite (uniform) expansions
w2 = w2∗
(
Aκ
2
3 (
z
zi
)
2
3 + Bκ
2
3 (−
zi
L
)−
4
3 (
z
zi
)−
2
3 − C(
z
zi
)
4
3
)
= u2∗
(
A(−
z
L
)
2
3 + B(−
z
L
)−
2
3 − Cκ−
2
3 (−
zi
L
)−
2
3 (−
z
L
)
4
3
)
,
(2.60)
17
10
-1
10
0
−z/L
1
2
3
4
5
6
7
w
2
/u
2 ∗
Figure 2.1: Comparison of the composite expansion for the vertical velocity variance with the Kansas (1968)
data in terms of the inner (surface-layer) variables. Local-free-convection limit (solid line), local-free-
convection and the second-order correction (dashed line).
and
θ2 = (
Q
w∗
)2
(
Aθ (
z
zi
)−
2
3 − Bθ κ−
2
3 (−
zi
L
)−
4
3 (
z
zi
)−2 − Cθ (
z
zi
)0
)
= (
Q
u∗
)2
(
Aθ κ
2
3 (−
z
L
)−
2
3 − Bθ (−
z
L
)−2 − Cθ κ
2
3 (−
zi
L
)−
2
3 (−
z
L
)0
)
,
(2.61)
which are valid in both the inner and outer layers.
2.2.5 Comparison with measurements
The non-dimensional coefficients A, B, C, Aθ , Bθ , and Cθ are now determined using measurements
from theKansas (Wyngaard et al. 1971),Minnesota (Kaimal et al. 1976, Izumi&Caughey 1976), Atmospheric
RadiationMeasurement (ARM) (Mather &Voyles 2012, Berg et al. 2017), andAshchurch (Caughey& Palmer
1979) field programs. By fitting the LFC scaling term of w2 to the Kansas data (Fig. 2.1) for −z/L > 1,
we find A ≈ 3.1 (the solid line in Fig. 2.1). Fitting expression (2.47) for −z/L down to 0.1 (dashed line
in Fig. 2.1), we obtain B ≈ 0.2. Fitting the LFC scaling term of θ2 to the Kansas data (Fig. 2.2) for
−z/L > 1 gives Aθ ≈ 1.8 (the solid line in Fig. 2.2). Fitting expression (2.48) to the Kansas data for −z/L
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Figure 2.2: Comparison of the composite expansion for the temperature variance with the Kansas (1968) data
in terms of the inner (surface-layer) variables. Line styles the same as in Fig. 2.1.
down to 0.03 (dashed line in Fig. 2.2), we obtain Bθ ≈ 0.0038. Here the second-order corrections account
for departure from the LFC scaling caused by the mean shear production for −z/L ∼ 1. Applying the
Minnesota, Ashchurch, and ARM data (Figs. 2.3 and 2.4) to Eqs. (2.58) and (2.59), we find C ≈ 1.35 and
Cθ ≈ 1.2. Using these values for the coefficients, the composite expansions show very good agreement with
the field data. With these A and B values the expansion for w2 also fits reasonably well the NOPEX data
(Johansson et al. 2001) (not shown), which have larger scatters. For the uncertainty levels for the NOPEX
data (16% for u2∗ and 10% for zi), it is clear from Figs. 2.1 and 2.3 that self-correlation effects do not alter
the trends of the data in any significant way. Furthermore, judging from the scatter of the data points, the
uncertainties in the Kansas data are lower. As a result, any effects of self-correlation would be even smaller.
Therefore, the observed LFC scaling and departure from it for −z/L ∼ 1 are due to the surface-layer physics,
not self-correlation effects.
The composite expansion for w2 is valid up to z/zi ≈ 1.2, well beyond the surface layer. Here the
second-order corrections account for the influence of the inversion height (atmospheric boundary layer depth),
which is reflected in the time derivative terms in Eq. (2.18). Unlike in the surface layer where z/zi  1, the
turbulence is no longer in equilibrium with the external conditions (influences) when z/zi ∼ 1. The composite
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Figure 2.3: Comparison of the composite expansion for the vertical velocity variance with the Minnesota
(circles), Ashchurch (triangles), and ARM (asterisks) data in terms of the outer (mixed-layer) variables. Line
styles the same as in Fig. 2.1.
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expansion for θ2 is valid up to z/zi ≈ 0.6, because at the inversion layer there is a production source with
different scaling, which is beyond our surface layer analysis. From the point of view of singular perturbation
problems, there is a second inner layer near z = zi , which needs to be considered in the matched asymptotic
expansions if we want to predict the behavior there. Therefore, the current correction cannot capture the trend
of θ2 near z/zi = 1. For w2, the inversion damps the fluctuations, which does not necessarily result in a
second inner layer.
The above comparisons show that by adding only the second-order corrections, the functional forms
of the composite expansions already show very good agreement with the data, demonstrating the efficacy of
the method of matched asymptotic expansions for analyzing the surface layer. Previously vertical profiles of
turbulence statistics have been empirical expressions obtained by curve fitting field data (e.g., Caughey &
Palmer 1979 for vertical velocity profiles). Furthermore, the empirical curves for −z/L & 1 and z/zi . 1 are
separate curves. The composite expansions obtained in the present study provide unified expressions for the
vertical velocity and potential temperature variances from −z/L ≈ 0.1 to z/zi ∼ 1. Equally important, each
part of the expansions has a clear physical interpretation (origin).
2.3 Conclusions and discussions
In the reported study we used the method of matched asymptotic expansions to derive analytically
Monin-Obukhov similarity theory (MOST) for the vertical velocity and potential temperature variances and
the local-free-convection (LFC) scaling, which previously have been a hypothesis based on phenomenology.
We focused on the vertical velocity and potential temperature variances. The equations for the horizontal
velocity, vertical velocity, and potential temperature variances are used to derive MOST and the LFC scaling.
The dominance of buoyancy and shear production terms in the outer and inner layers, which have different
scaling properties, results in a non-uniformly valid solution and a singular perturbation problem, which is
solved using the method of matched asymptotic expansions. We obtained −L as the thickness of the inner
layer. The inner expansions were found to depend on z/L only, providing a proof of MOST for the vertical
and potential temperature variances. The LFC scaling was obtained by matching the leading-order inner and
outer expansions. Corrections for the departure from the scaling for −z/L ∼ 1 and z/zi ∼ 1, which cannot be
obtained analytically using dimensional analysis, are also derived by including the second-order expansions.
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The composite expansions obtained show very good agreement with the Kansas, Minnesota, Ashchurch,
and Atmospheric Radiation Measurement (ARM) field data, achieved with only leading- and second-order
expansions, demonstrating that matched asymptotic expansions provide an effective method for analyzing and
understanding the atmospheric boundary layer.
In deriving the inner equations (2.18-2.20), we have used the surface-layer scaling of the terms in
these equations, which is supported by observational evidence (e.g., Kaimal et al. 1976, Wyngaard et al. 1971
). The surface-layer scaling can also be obtained from the surface-layer scaling of multi-point statistics (Tong
& Nguyen 2015), which was derived mathematically using the method of matched asymptotic expansions
(Tong & Ding 2018). Therefore the derivation in the present study is mathematically more rigorous than
it may appear, and the results can be viewed as the consequence following the multi-point Monin-Obukhov
similarity (MMO). It is also part of the unified analytical derivation for MMO and MOST.
The present study uses the balance equations for the velocity and temperature variances to derive
MOST and the LFC scaling for these variables, thereby providing strong analytical support to Monin-
Obukhov similarity theory. The expansions go beyond the previous observation-based empirical formulae
for turbulence statistics to provide physics-based, analytically derived expressions with clear physical origins
and interpretations. These expressions and the understanding of the associated physics are also potentially
important for a range of applications such as numerical weather predictions, atmospheric dispersion, and wave
propagation.
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Chapter 3
Multi-point Monin-Obukhov similarity
in the convective atmospheric surface
layer using matched asymptotic
expansions
3.1 Introduction
Similar to MOST, MMO is also proposed as hypotheses, however. Measurements can only provide
support to it, but cannot positively prove it. In the present study, we use first principles to derive it. Starting
from the Navier-Stokes equations and the potential temperature equation, we employ the method of matched
asymptotic expansions to derive analytically theMMOsimilarity properties for the two-dimensional horizontal
Fourier transforms of the velocity and potential temperature in a convective surface layer, which are equivalent
to the two-point velocity and temperature differences. We show that L is indeed a characteristic horizontal
length scale in the convective surface layer and that the Fourier transforms conform to the MMO scaling.
Note that although we only derive the scaling properties of the two-point statistics, L as a length scale in both
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horizontal and vertical directions can be used to scale other multi-point statistics, thereby providing strong
analytical support to MMO.
The method of matched asymptotic expansions (Bender & Orszag 1978, Van Dyke 1975, and
Cousteix & Mauss 2007) has been previously employed to derive Kolmogorov’s hypotheses by Lundgren
(2003) who used two-point velocity differences, which are easier to handle mathematically than Fourier
transforms, especially the nonlinear terms in the Navier-Stokes and temperature equations. We choose to
analyze the Fourier transforms because the differences for the vertical velocity might not have power-law
scaling. For a horizontally homogeneous velocity field, ui , we define its horizontal Fourier transform over a
horizontal physical domain of size L × L
ûi(k) =
1
L2
∫ L
0
ui(x, t)e−ikxdx, (3.1)
where k is the horizontal wavenumber vector. Dividing the usual definition of the transform by L2 gives
the Fourier transform the same dimension as well as the same scaling properties as the velocity, which is
convenient for the scaling analysis. The Fourier transform of the potential temperature θ̂ is defined similarly.
The transport equations of the Fourier components of the velocity and potential temperature, obtained
from the Navier-Stokes equations and the potential temperature equation are:
∂û j(k, t)
∂t
+ L2
∫
û3(k′)
∂û j(k − k′)
∂x3
dk′ + L2
∫
ik ′mû j(k
′)ûm(k − k′)dk′
= −ik j p̂−2εjnlΩnûl(k) + ν
∂2û j
∂x23
− νk2û j(k), j = 1, 2; m = 1, 2,
(3.2)
∂û3(k, t)
∂t
+ L2
∫
û3(k′)
∂û3(k − k′)
∂x3
dk′ + L2
∫
ik ′mû3(k
′)ûm(k − k′)dk′
= −
∂ p̂
∂x3
−2εjnlΩnûl(k) + ν
∂2û3
∂x23
− νk2û3(k) +
g
Θ
θ̂, j = 3; m = 1, 2,
(3.3)
∂θ̂(k, t)
∂t
+ L2
∫
û3(k′)
∂θ̂(k − k′)
∂x3
dk′ + L2
∫
ik ′mθ̂(k
′)ûm(k − k′)dk′
= D
∂2θ̂
∂x23
− Dk2θ̂(k), m = 1, 2,
(3.4)
where ν, D, Ω, and εjnl are the kinematic viscosity, the thermal diffusivity, the Earth’s rotation vector, and the
alternating symbol, respectively. Since the viscous and diffusion terms are only relevant to the inertial and
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dissipation-scale fluctuations (Kolmogorov turbulence), we omit them in the equations hereafter. In the rest
of the paper we first identify the structure of the surface layer, showing that it has a boundary layer structure in
the horizontal wavenumber space, and therefore can be analyzed as a singular perturbation problem. We then
perform the method of matched asymptotic expansions of equations (3.2), (3.3), and (3.4). We show that L is
the horizontal characteristic length scale and that the Fourier transforms are functions of the non-dimensional
wavenumber −kL, proving the MMO hypotheses for two-point horizontal separation, and thereby providing
strong support to MMO for general multi-point statistics.
We then determine the coefficients in the expansions using the velocity spectra obtained using large-
eddy simulation (LES) and compare the composite expansions with the LES spectra. We choose to use
LES rather than measurements for two reasons. First, the spectra given by the asymptotic expansions are
two-dimensional spectra and the ring-integrated spectra, both depending on the magnitude of the horizontal
wavenumber. For a ring-integrated spectrum with a scaling range less steep than -1, i.e., the exponent greater
than -1, (e.g., the vertical velocity spectrum for k < 1/z), its one-dimensional counterpart does not have the
same scaling exponent (a one-dimensional spectrum for a horizontally isotropic field cannot have a positive
scaling exponent). To compare such a spectrum with measurements, the two-dimensional spectrum must be
measured. Therefore, MMO presents a challenge to measurement techniques. In addition, for the streamwise
velocity spectrum, to make proper comparisons with measurements, it is important that the two scaling
ranges are evident, i.e., sufficiently wide (greater than a decade). Such comparisons likely would require new
measurements, and therefore are a project by itself and are deferred to future work.
The LES code, presented in detail in Moeng (1984), has been well documented in the literature
(Moeng & Wyngaard 1988; Sullivan et al. 1994, 1996), and has been later refined by Otte & Wyngaard
(2001). We simulate three cases of atmospheric boundary layer (ABL) flow: (1) a weakly unstable and (2)
moderately unstable ABL driven by a combination of geostrophic winds and surface heating, and (3) a nearly
free-convective ABL driven by a constant surface heat flux and weak geostrophic winds. The subgrid-scale
(SGS) fluxes are parameterized using the Kosović model (Kosović 1997). The simulations are implemented
on a mesh of 10243 and 20483 grid points (only 10243 for weakly case), with a domain size of 51202 m2 in
the horizontal and 2048 m in the vertical. Tong & Nguyen (2015) has demonstrated that the scaling of the
spectra are not sensitive to the SGS model employed, although the magnitude might depend on the model.
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3.2 The structure of the surface layer
In this section we examine the structure of the surface layer and identify the mathematical (singular
perturbation) problem. We define a set of non-dimensional (convective) variables as:
û1 = w∗û1c, û3 = w∗û3c, t =
zi
w∗
τ, L = ziLc, k =
1
zi
kc, x3 = zi x3c, p̂ = w2∗ p̂c,
θ̂ =
Q
w∗
θ̂c,
∂ p̂
∂x3
=
w2∗
zi
( ∂ p̂
∂x3
)
c
,
∂U
∂x3
=
u′′
zi
( ∂U
∂x3
)
c
,
∂Θ
∂x3
=
Q
w′zi
( ∂Θ
∂x3
)
c
,
(3.5)
where w∗ = (gQzi/Θ0)1/3, Q, U, and Θ are the mixed-layer (Deardorff) velocity scale, the surface potential
temperature flux, the mean streamwise velocity, and the mean potential temperature, respectively, and u′′ and
Q/w′ are the velocity and temperature scales for ∂U/∂x3 and ∂Θ/∂x3, respectively, which will be determined
later in this paper. The direction of the mean velocity is defined as the x1 direction. The equation for û1c is
D̄û1c
Dτ
w2∗
zi
+ z2i L
2
c
∫
û3c
∂û1c
∂x3c
dk′c
w2∗
zi
1
z2i
+ û3c
( ∂U
∂x3
)
c
w∗
u′′
zi
+ z2i L
2
c
∫
û1cik ′1c û1cdk
′
c
w2∗
zi
1
z2i
= −ik1c p̂c
w2∗
zi
−2ε1nlΩnûl(k),
(3.6)
The Coriolis term which scales as f w∗, where f = 2Ω3 is the Coriolis parameter, is typically an order of
magnitude smaller than the dominant (e.g., time derivative) terms; and therefore is neglected. The horizontal
derivative of the horizontal velocity scales differently than the vertical derivative at the large scales, and are
written as different terms hereafter.
Dividing (3.6) by w2∗/zi results in
D̄û1c
Dτ
+ L2c
∫
û3c
∂û1c
∂x3c
dk′c + ε û3c
( ∂U
∂x3
)
c
+ L2c
∫
û1cik ′1c û1cdk
′
c = −ik1c p̂c .
TD CS S N1 P
(3.7)
The time derivative andmean advection (−Uikû1) terms have been combined into amean substantial derivative
(TD) so that the time rate of change reflects the turbulence time scale rather than the mean advection time
scale. The second term on the LHS represents convection-induced stress (CS), and is negligible above the
convection-induced-stress layer (Businger 1973, Sykes et al. 1993, Grachev et al. 1997, and Zilitinkevich
et al. 2006). The last (nonlinear) term (N1) on the left-hand side (LHS) and the pressure gradient term (P) are
the leading terms, balancing each other. The former scales as w2∗/zi; therefore the latter must be of the same
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order of magnitude. There is a small parameter in the term containing the mean shear (S) in equation (3.7)
ε =
u′′
w∗
, (3.8)
where u′′ will be shown to be u∗ in section 3.3 (equation 3.33). In the surface layer û3c  1. However,
û3c(∂U/∂x3)c is of order 1 since ∂U/∂x3 ∼ u′′/z.
The equation for û3c is
D̄û3c
Dτ
w2∗
zi
+ z2i L
2
c
∫
û3c
∂û3c
∂x3c
dk′c
w2∗
zi
1
z2i
+ z2i L
2
c
∫
û1cik ′1c û3cdk
′
c
w2∗
zi
1
z2i
= −
( ∂ p̂
∂x3
)
c
w2∗
zi
+
g
Θ
Q
w∗
θ̂c .
(3.9)
Dividing (3.9) by w2∗/zi results in
D̄û3c
Dτ
+
(
L2c
∫
û3c
∂û3c
∂x3c
dk′c + L
2
c
∫
û1cik ′1c û3cdk
′
c
)
= −
( ∂ p̂
∂x3
)
c
+ θ̂c .
TD N3 P B
(3.10)
The continuity equation gives ∂û3c/∂x3c ∼ ∂û1c/∂x1c = O(1). Therefore û3c ∼ x3c  1 in the surface
layer, and the time derivative (TD) and nonlinear terms (N3) of the LHS of (3.10) are of higher order. Since
the (dimensional) buoyancy term scales as w2∗/zi , so must be ∂ p̂/∂x3, as it is the only other leading-order
term. Therefore the vertical pressure gradient (P) is of the same order as the buoyancy term (B), rendering the
pressure hydrostatic to the leading order, which is consistent with the dominance of the buoyancy contribution
to the fluctuating pressure (Ding et al. 2018). Thus all the components of the pressure gradient are of the
same order of magnitude. The equation for θ̂c is
D̄θ̂c
Dτ
Q
w∗
w∗
zi
+ z2i L
2
c
∫
û1cik ′1c θ̂cdk
′
cw∗
1
zi
Q
w∗
1
z2i
+ û3c
( ∂Θ
∂x3
)
c
w∗
Q
w′zi
+z2i L
2
c
∫
û3c
∂θ̂c
∂x3c
dk′cw∗
Q
w∗zi
1
z2i
= 0.
(3.11)
The first and second terms are the time rate of change and horizontal transport and scale as Q/zi . The (third)
term containing the mean temperature gradient is a leading term with a scale of (w∗/zi)(Q/w′), (w′ = u∗
for −z/L  1 and w′ = u f for −z/L  1, where u f is the local-free convection velocity scale), and is the
production rate of θ̂c due to the large-scale vertical velocity acting on the mean potential temperature gradient,
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which is of order Q/(w′z). With the mixed-layer time scale, zi/w∗, this term would result in large-scale θ̂
fluctuations of order of Q/u∗, which is larger than the largest θ̂ fluctuations (Q/w∗) that can exist with the flux
Q and the velocity scale w∗. The last term is the only one balancing the third term. For k ∼ 1/zi , it represents
the effects of the û3 and θ̂ at scales ranging from z to zi on the θ̂ fluctuations at scales of order zi , reducing θ̂
by transferring the θ̂ fluctuations from the latter scales to the former. The scale of this term can be rewritten
as
w∗
w′
Q
zi
= w′
Q
w′z
z/w′
zi/w∗
, (3.12)
indicating that the temperature gradient produced at the scale z due to the vertical velocity (of similar scales)
acting on θ̂ fluctuations at the scale zi is of order Q/(w′z)(z/w′)/(zi/w∗). The vertical gradient of θ̂ at the
scale zi therefore is also of order Q/(w′z)(z/w′)/(zi/w∗), which can be interpreted as a reduction of the
gradient that would have been produced (Q/(w′z)) by a factor of (z/w′)/(zi/w∗). Physically, mixing due to
eddies of scale z reduces the gradient by the ratio of their time scale, (z/w′), to that of the production time
scale (zi/w∗). Therefore, the combination of the mean-gradient production (third) term and the last term
(reduction) (MR) produces θ̂ fluctuations of order Q/w∗ and also have mixed-layer scaling (Q/zi), the same
as the time derivative (TD) and horizontal transport (HT) terms:
D̄θ̂c
Dτ
+ L2c
∫
û1cik ′1c θ̂cdk
′
c +
(
w∗
w′
û3c
( ∂Θ
∂x3
)
c
+ L2c
∫
û3c
∂θ̂c
∂x3c
dk′c
)
= 0.
TD HT MR
(3.13)
For z  −L and k . 1/z (the convective layer in the M-O region in figure 3.1), equations (3.7),
(3.10), and (3.13) have the mixed-layer scaling and have leading-order solutions of the form
û1c = û1c(kc, x3c), û3c = û3c(kc, x3c), θ̂c = θ̂c(kc, x3c), (3.14)
since the mean shear term in equation (3.7) and the terms on the LHS of equation (3.10) are small. The
spectra in this layer have been predicted by Yaglom (1994). When kc increases in the convective layer (with
x3c fixed), we enter the Kolmogorov region (will be addressed in a separate study). In the present study we
derive the MMO scaling in the convective-dynamic layer (−z/L  1). We note that when reducing the height
from z > −L to a height z = h  −L, the term containing the small parameter in (3.7) becomes of order
u∗/w∗ because ∂U/∂x3 ∼ u∗/z, (see equation 3.33 and the discussion there. It approaches u∗/z(−z/L)−
1
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Figure 3.1: Diagram of the scaling regions, layers, and ranges in the convective atmospheric surface layer.
for −z/L  1, e.g., Wyngaard et al. 1971, Tong & Ding 2018), indicating that this (the mean shear) term
remains a higher-order term as z becomes smaller than −L (for the given kc < −1/L). The scaling of equation
(3.7) also remains the same, indicating that the effects of the mean shear on the large scales remain small.
Therefore the leading-order solution (3.14), which have the mixed-layer scaling, is still valid (i.e., uniformly
valid, vertical arrows in figure 3.1) for z  −L (the convective range). Thus the (higher-order) effects of
the mean shear on the solutions û1c , û3c , and θ̂c (for the given kc < −1/L) can be treated as a regular
perturbation problem. Therefore, the starting point of (inputs into) our singular perturbation analysis is that
in the convective-dynamic layer there exist the mixed-layer scaling with the velocity, temperature, and length
scales w∗, Q/w∗, and zi , respectively, and that the stress and flux-carrying scaling with the friction velocity
u∗, Q/w∗, and z as the velocity, temperature, and length scales respectively. The two scales are effectively the
outer scale and one of the inner scales of the problem.
In the convective-dynamic layer, when k increases from the convective range (horizontal arrow in
figure 3.1), at a fixed height, the mean shear term in equation (3.2) increases with k as
û3
∂U
∂x3
∼ u f zk
u∗
z
= u f u∗k ∼ (
g
Θ
Q)
1
3 u∗k
2
3 , (3.15)
where u f x3k is the magnitude of the vertical velocity fluctuations at scale k, while the buoyancy term in
equation (3.3) increases with k as
g
Θ
θ̂ ∼
g
Θ
Q
u f
∼ (
g
Θ
Q)
2
3 k
1
3 , (3.16)
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indicating that the mean shear term becomes increasingly important. It eventually becomes a leading-order
term when equaling the buoyancy term:
(
g
Θ
Q)
1
3 u∗k
2
3 ∼ (
g
Θ
Q)
2
3 k
1
3 , i.e., k ∼
g
Θ
Qu−3∗ ∼ −
1
L
. (3.17)
Since the mean shear term has the (neutral) surface-layer scaling, the solution (3.14) is not valid when the
mean shear term is a leading-order term in equation (3.7), i.e., when the effect of the mean shear is important or
dominate. This leads to a non-uniformly valid (outer) solution for kc > 1, resulting in a singular perturbation
problem. Therefore, the solution (3.14) is uniformly valid with respect to x3c (for kc < 1), but are not
uniformly valid with respect to k (e.g., as kc > 1 for −z/L  1). The non-uniformly valid solution indicates
that there are two-scaling ranges in which different physics dominates.
In the following we analyze the singular perturbation problem and û1, û3, and θ̂ as functions of k for
a fixed z = h  −L. (Therefore h is a parameter in the perturbation problem hereafter). For convenience, we
re-define the non-dimensional variables as outer variables as follows:
û1 = w∗û1o, û3 = w∗
h
zi
û3o, t =
zi
w∗
τ, L = ziLo, k =
1
zi
ko, x3 = hx3o, p̂ = w2∗ p̂o,
θ̂ =
Q
w∗
θ̂o,
∂ p̂
∂x3
=
( ∂ p̂
∂x3
)
o
w2∗
h
,
∂U
∂x3
=
u′′
h
( ∂U
∂x3
)
o
,
∂Θ
∂x3
=
Q
u∗h
( ∂Θ
∂x3
)
o
.
(3.18)
Here the non-dimensional forms of û3 and x3 are of order one. Following equations (3.7), (3.10), and (3.13),
we can write the outer equations as
D̄û1o
Dτ
+ L2o
∫
û3o
∂û1o
∂x3o
dk′o + ε û3o
( ∂U
∂x3
)
o
+ L2o
∫
û1oik ′1oû1odk
′
o = −ik1o p̂o,
TD CS S N1 P
(3.19)
h
zi
D̄û3o
Dτ
+
h
zi
(
L2o
∫
û3o
∂û3o
∂x3o
dk′o + L
2
o
∫
û1oik ′1oû3odk
′
o
)
= −
zi
h
( ∂ p̂
∂x3
)
o
+ θ̂o,
TD N3 P B
(3.20)
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Figure 3.2: Structure of the different scales in the surface layer including the dominant dynamic processes
(terms). The arrows indicate the directions in which the terms containing the parameters change from small
terms to order-one terms.
D̄θ̂o
Dτ
+ L2o
∫
û1oik ′1o θ̂odk
′
o +
(
w∗
u∗
û3o
( ∂Θ
∂x3
)
o
+ L2o
∫
û3o
∂θ̂o
∂x3o
dk′o
)
= 0.
TD HT MR
(3.21)
Although there is a parameter zi/h in the pressure-gradient term in equation (3.20), this term is of order one.
There is a small parameter in the time derivative and nonlinear terms (N3) in the vertical velocity equation
(3.20),
ε1ε
3 =
h
zi
=
h
L
L
zi
= −
h
L
ε3, (3.22)
where ε1 = −h/L, indicating that the LHS is of higher order. The small parameters ε and ε1 in equations
(3.19) and (3.20) indicate that there are two inner ranges with different length scales (see equations (3.32) -
(3.34)), resulting in a nested boundary layer problem in the spectral space. We call the ranges with the larger
and smaller length scales the inner-outer range and the inner-inner range, respectively. We note that the terms
containing the small parameter ε1 in (3.20) is not the source of non-uniformity of (3.14) since it remains
higher-order terms as ko increases from ko < 1 to ko > 1.
In the following analysis, we derive MMO for the horizontal Fourier transforms of the velocity and
potential temperature, which are equivalent to the two-point velocity and temperature differences, without
invoking the hypothesis in MMO.
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3.3 Matched Asymptotic expansions
3.3.1 The outer expansions
The solution of equations (3.19), (3.20), and (3.21) can be written as a series (outer) expansions in
the powers of ε ,
û1o(ko, x3o) = û1o,1 + ε û1o,2 +O(ε2),
û3o(ko, x3o) = û3o,1 + ε û3o,2 +O(ε2),
θ̂o(ko, x3o) = θ̂o,1 + ε θ̂o,2 +O(ε2).
(3.23)
As discussed above, the second-order terms are of order ε because they arise due to themean shear (production)
term in (3.19). To illustratemore clearly the dynamic processes and the sources of non-uniformly valid solution,
figure 3.2 provides a summary of the terms in equations (3.19), (3.20), and (3.21), and the terms containing
small parameters. The arrows indicate the directions in which the terms containing the parameters change
from small terms to order-one terms, i.e., the physics represented by the terms become dominant. The largest
parameter ε rather than ε1ε is used in the second-order correction terms in the outer expansions (the latter
corresponds to higher-order expansions).
3.3.2 The inner expansion
As discussed above, when the scale decreases (ko increases from ko ∼ 1), the (small) mean shear
term in equation (3.19) will eventually become order one, i.e., the shear production becomes important.
Therefore, the outer expansions are no longer valid. New (inner) scales and non-dimensional (inner) variables
are needed to obtain valid expansions. We define the non-dimensional inner variables as
û1 = u′û1in, û3 = u′
h
δ
û3in, L = δLin, k =
1
δ
kin, x3 = hx3in (x3in = x3o), p̂ = u′2 p̂in,
θ̂ =
Q
u′
θ̂in,
∂ p̂
∂x3
=
u′2
h
( ∂ p̂
∂x3
)
in
,
∂U
∂x3
=
u′′
h
( ∂U
∂x3
)
in
,
∂Θ
∂x3
=
Q
u∗h
( ∂Θ
∂x3
)
in
.
(3.24)
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where u′ and δ are the inner velocity and length scales, respectively, all yet to be determined. Substituting
these variables into the horizontal velocity equation results in
D̄û1in
Dτ
u′
w∗
zi
+ δ2L2in
∫
û3in
∂û1in
∂x3in
dk′inu
′ h
δ
u′
h
1
δ2
+ û3in
( ∂U
∂x3
)
in
u′
h
δ
u′′
h
+δ2L2in
∫
û1inik ′1inû1indk
′
inu
′2 1
δ3
= −ik1in p̂in
u′2
δ
.
(3.25)
Dividing this equation by u′2/δ gives
w∗
u′
δ
zi
D̄û1in
Dτ
+ L2in
∫
û3in
∂û1in
∂x3in
dk′in +
u′′
u′
û3in
( ∂U
∂x3
)
in
+ L2in
∫
û1inik ′1inû1indk
′
in = −ik1in p̂in. (3.26)
At the inner scale k ∼ 1/δ (kin ∼ 1), the mean shear must be a leading-order term, along with the pressure
gradient terms in equation (3.26),
û3
∂U
∂x3
∼ −ik1 p̂, (3.27)
resulting in u′′ = u′. Thus the mean shear term has the same velocity scale as the fluctuating velocity.
The inner vertical velocity equation becomes
D̄û3in
Dτ
u′
h
δ
w∗
zi
+ δ2L2in
∫
û3in
∂û3in
∂x3in
dk′inu
′2 h
2
δ2
1
h
1
δ2
+ δ2L2in
∫
û1inik ′1inû3indk
′
inu
′2 h
δ
1
δ3
= −
( ∂ p̂
∂x3
)
in
u′2
h
+
g
Θ
Q
u′
θ̂in.
(3.28)
Again dividing by u′2/δ results in
w∗
u′
h
zi
D̄û3in
Dτ
+
h
δ
(
L2in
∫
û3in
∂û3in
∂x3in
dk′in + L
2
in
∫
û1inik ′1inû3indk
′
in
)
= −
δ
h
( ∂ p̂
∂x3
)
in
+
g
Θ
Q
u′3
δθ̂in. (3.29)
Again, the pressure-gradient term in equation (3.29) is of order one. The inner temperature equation becomes
D̄θ̂in
Dτ
Q
u∗
w∗
zi
+ δ2L2in
∫
û1inik ′1in θ̂indk
′
inu∗
1
δ
Q
u∗
1
δ2
+ û3in
( ∂Θ
∂x3
)
in
u∗
h
δ
Q
u∗h
+δ2L2in
∫
û3in
∂θ̂in
∂x3in
dk′inu∗
h
δ
Q
u∗h
1
δ2
= 0.
(3.30)
Similarly dividing by Q/δ results in
w∗
u∗
δ
zi
D̄θ̂in
Dτ
+ L2in
∫
û1inik ′1in θ̂indk
′
in + û3in
( ∂Θ
∂x3
)
in
+ L2in
∫
û3in
∂θ̂in
∂x3in
dk′in = 0. (3.31)
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Determination of δ from equation (3.29) requires the notion of distinguished limit, which involves a
dominant-balance argument. There are two possibilities to consider:
(1)
h
δ
∼ 1;
(2)
g
Θ
Q
u′3
δ ∼ 1.
(3.32)
In the first case (δ = h), the nonlinear terms on LHS of (3.29) are of order one, balancing the
pressure gradient ∂ p̂/∂x3. Since the shear-stress-carrying eddies have length and velocity scales of h and u∗
respectively, from (3.24) we have
u′(= u′′) = u∗, (3.33)
and thus the mean velocity gradient ∂U/∂x3 scales as u∗/h. The buoyancy term θ̂ is a second-order term in
this case, i.e., the buoyancy effects are small. We define this scale as the inner-inner scale.
In the second case (δ = u′3/(gQ/Θ)), to the leading order, ∂ p̂/∂x3 and θ̂ balance each other; therefore
the LHS of (3.29) is of second order. Since ∂U/∂x3 scales as u∗/h, the velocity scale u′′(= u′) = u∗ the same
as in the first case, which leads to
δ = u3∗/(gQ/Θ) ∼ −L, (3.34)
i.e., the inner length scale is the Obukhov length, which is a result of the buoyancy force balancing the pressure
force. This result is of key importance and provides an analytical proof that L is not only a vertical length
scale, as in the MOST (Monin & Obukhov 1954, Obukhov 1946 and Tong &Ding 2018), but also a horizontal
length scale, as hypothesized in MMO (Tong & Nguyen 2015). We define this scale as the inner-outer scale.
For scales with k < −1/L, buoyancy and pressure gradient dominate, whereas for k > −1/L, shear and
pressure gradient dominate.
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3.3.3 The inner-outer expansion
With u∗ and L being the velocity and length scales for the inner-outer range, we write the non-
dimensional velocity and temperature equations as:
ε2
D̄û1io
Dτ
+ L2io
∫
û3io
∂û1io
∂x3io
dk′io + û3io
( ∂U
∂x3
)
io
+ L2io
∫
û1ioik ′1ioû1iodk
′
io = −ik1io p̂io,
TD CS S N1 P
(3.35)
ε1ε
2 D̄û3io
Dτ
+ ε1
(
L2io
∫
û3io
∂û3io
∂x3io
dk′io + L
2
io
∫
û1ioik ′1ioû3iodk
′
io
)
= −
1
ε1
( ∂ p̂
∂x3
)
io
+ θ̂io,
TD N3 P B
(3.36)
ε2
D̄θ̂io
Dτ
+ L2io
∫
û1ioik ′1io θ̂iodk
′
io + û3io
( ∂Θ
∂x3
)
io
+ L2io
∫
û3io
∂θ̂io
∂x3io
dk′io = 0,
TD HT M VT
(3.37)
where the terms denoted asM and VT are the mean-gradient production and the vertical transport respectively.
Note that at a height h  1/k, although the buoyancy force is of the same order of magnitude as the pressure
gradient ((g/Θ)(Q/u f ) ∼ u2f k), the buoyancy production is smaller than the pressure–strain-rate correlation
((g/Θ)(Q/u f )u f hk  u3f k).
There are two sets of inner-outer expansions, with the same first-order terms. One is the “inner”
expansions to be matched with the outer expansions:
û1io(kio, x3io) = û1io,1 + ε2û1io,2 +O(ε4),
û3io(kio, x3io) = û3io,1 + ε2û3io,2 +O(ε4),
θ̂io(kio, x3io) = θ̂io,1 + ε2θ̂io,2 +O(ε4).
(3.38)
The second-order terms are due to the time derivative terms (order ε2), D̄û1io/Dτ and D̄θ̂io/Dτ, which
become order one terms as k → 1/zi , i.e., the external influences (e.g., unsteadiness) become important. The
other set of the inner-outer expansions is the “outer” expansions to be matched with the inner-inner expansions
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(discussed in the following):
û1io(kio, x3io) = û1io,1 + ε1û′1io,2 +O(ε
2
1 ),
û3io(kio, x3io) = û3io,1 + ε1û′3io,2 +O(ε
2
1 ),
θ̂io(kio, x3io) = θ̂io,1 + ε1θ̂ ′io,2 +O(ε
2
1 ).
(3.39)
Here the second-order terms arise due to the nonlinear terms (order ε1) in the û3io equation (3.36), and
represent spectral transfer of the û3 fluctuations from scales h to smaller scales, and becomes order one as
k → 1/h. The leading-order terms in the expansions in (3.38) and (3.39) are only functions of the inner-outer
wavenumber kio = −kL. This is a key result, proving the main hypothesis of MMO for two-point horizontal
separations.
3.3.4 The inner-inner expansion
With u∗ and h being the velocity and length scales for the inner-inner range, we write the non-
dimensional velocity and temperature equations as:
ε1ε
2 D̄û1ii
Dτ
+ L2ii
∫
û3ii
∂û1ii
∂x3ii
dk′ii + û3ii
( ∂U
∂x3
)
ii
+ L2ii
∫
û1iiik ′1ii û1iidk
′
ii = −ik1ii p̂ii,
TD CS S N1 P
(3.40)
ε1ε
2 D̄û3ii
Dτ
+
(
L2ii
∫
û3ii
∂û3ii
∂x3ii
dk′ii + L
2
ii
∫
û1iiik ′1ii û3iidk
′
ii
)
= −
( ∂ p̂
∂x3
)
ii
+ ε1θ̂ii,
TD N3 P B
(3.41)
ε1ε
2 D̄θ̂ii
Dτ
+ L2ii
∫
û1iiik ′1ii θ̂iidk
′
ii + û3ii
( ∂Θ
∂x3
)
ii
+ L2ii
∫
û3ii
∂θ̂ii
∂x3ii
dk′ii = 0.
TD HT M VT
(3.42)
The inner-inner expansions therefore are
û1ii(kii, x3ii) = û1ii,1 + ε1û1ii,2 +O(ε21 ),
û3ii(kii, x3ii) = û3ii,1 + ε1û3ii,2 +O(ε21 ),
θ̂ii(kii, x3ii) = θ̂ii,1 + ε1θ̂ii,2 +O(ε21 ).
(3.43)
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The second-order terms arise due to the buoyancy terms (order ε1) in equation (3.41), which becomes order
one as k → −1/L, representing the deviation to the scaling in the dynamic range due to buoyancy.
3.3.5 Matching between the outer and inner-outer expansions
We now perform asymptotic matching between the outer and inner-outer ranges to obtain the leading-
order terms in the overlapping region of the two ranges. The inner-outer expansion of the outer expansion of
û1 is
û1 = w∗
(
û1o,1(−
zi
L
kio) + ε û1o,2(−
zi
L
kio) +O(ε2)
)
∼ u∗(−
zi
L
)
1
3 û1o,1(−
zi
L
kio), as ε → 0,with kio fixed
∼ u∗(−
zi
L
)
1
3 (−
zi
L
kio)α
1
(LLio)/zi
, as kio →∞,
(3.44)
keeping only one term. Note that in the last step 1/Lo = 1/(LLio/zi) is included in the power-law dependence
because a two-dimensional Fourier transform is proportional to (∆k1∆k2)
1
2 ∼ 1/L (Monin & Yaglom 1975).
The outer expansion of the inner-outer expansion of û1 is
û1 = u∗
(
û1io,1(−
L
zi
ko) + ε
2û1io,2(−
L
zi
ko) +O(ε4)
)
∼ w∗(−
L
zi
)
1
3 û1io,1(−
L
zi
ko), as ε2 → 0,with ko fixed
∼ u∗(kio)α
1
Lio
, as ko → 0,
(3.45)
also keeping only one term.
Matching (3.44) and (3.45) results in α = −4/3. Thus,
û1o,1 ∼ k
− 43
o
1
Lo
, (3.46)
and therefore the two-dimensional spectrum is
φ1o,1 = L
2
o〈û1o,1û
∗
1o,1〉 ∼ k
− 83
o . (3.47)
The spectrum integrated over a ring |ko | = ko has a k−5/3o dependence, same as the MMO prediction (Tong
& Nguyen 2015).
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The inner-outer expansion of the outer expansion of û3 is
û3 = w∗
h
zi
(
û3o,1(−
zi
L
kio) + ε û3o,2(−
zi
L
kio) +O(ε2)
)
∼ u∗(−
zi
L
)
1
3
h
zi
û3o,1(−
zi
L
kio), as ε → 0,with kio fixed
∼ u∗(−
zi
L
)
1
3
h
zi
(−
zi
L
kio)β
1
(LLio)/zi
, as kio →∞,
(3.48)
keeping only one term.
The outer expansion of the inner-outer expansion of û3 is
û3 = u∗
h
L
(
û3io,1(−
L
zi
ko) + ε
2û3io,2(−
L
zi
ko) +O(ε4)
)
∼ w∗(−
L
zi
)
1
3
h
L
û3io,1(−
L
zi
ko), as ε2 → 0,with ko fixed
∼ u∗
h
L
kβio
1
Lio
, as ko → 0,
(3.49)
also keeping only one term.
Matching (3.48) and (3.49) results in β = −1/3. Thus
û3o,1 ∼ k
− 13
o
1
Lo
,
φ3o,1 = L
2
o〈û3o,1û
∗
3o,1〉 ∼ k
− 23
o .
(3.50)
The ring-integrated spectrum has a k1/3o dependence.
The inner-outer expansion of the outer expansion of θ̂ is
θ̂ =
Q
w∗
(
θ̂o,1(−
zi
L
kio) + ε θ̂o,2(−
zi
L
kio) +O(ε2)
)
∼
Q
u∗
(−
zi
L
)−
1
3 θ̂o,1(−
zi
L
kio), as ε → 0,with kio fixed
∼
Q
u∗
(−
zi
L
)−
1
3 (−
zi
L
kio)γ
1
(LLio)/zi
, as kio →∞,
(3.51)
keeping only one term.
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The outer expansion of the inner-outer expansion of θ̂ is
θ̂ =
Q
u∗
(
θ̂io,1(−
L
zi
ko) + ε
2θ̂io,2(−
L
zi
ko) +O(ε4)
)
∼
Q
w∗
(−
zi
L
)
1
3 θ̂io,1(−
L
zi
ko), as ε2 → 0,with ko fixed
∼
Q
u∗
kγio
1
Lio
, as ko → 0,
(3.52)
also keeping only one term.
Matching (3.51) and (3.52) results γ = −2/3. Thus,
θ̂o,1 ∼ k
− 23
o
1
Lo
,
φθo,1 = L
2
o〈θ̂o,1θ̂
∗
o,1〉 ∼ k
− 43
o .
(3.53)
The ring-integrated spectrum has a k−1/3o dependence. The overlapping region of the outer and inner-outer
ranges is the convective range (figure 3.1).
3.3.6 Matching between the inner-outer and inner-inner expansions
We now perform asymptotic matching between the inner-outer and inner-inner ranges to obtain the
leading-order terms in the overlapping region of the two ranges. The inner-inner expansion of the inner-outer
expansion of û1 is
û1 = u∗
(
û1io,1(−
L
h
kii) + ε1û′1io,2(−
L
h
kii) +O(ε21 )
)
∼ u∗û1io,1(−
L
h
kii), as ε1 → 0,with kii fixed
∼ u∗(−
L
h
kii)α
′ 1
(hLii)/L
, as kii →∞.
(3.54)
The inner-outer expansion of the inner-inner expansion of û1 is
û1 = u∗
(
û1ii,1(−
h
L
kio) + ε1û1ii,2(−
h
L
kio) +O(ε21 )
)
∼ u∗û1ii,1(−
h
L
kio), as ε1 → 0,with kio fixed
∼ u∗(kii)α
′ 1
Lii
, as kio → 0.
(3.55)
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Matching (3.54) and (3.55) results in α′ = −1. Thus
û1ii,1 ∼ k−1ii
1
Lii
,
φ1ii,1 = L
2
ii 〈û1ii,1û
∗
1ii,1〉 ∼ k
−2
ii .
(3.56)
The inner-inner expansion of the inner-outer expansion of û3 is
û3 = u∗
h
L
(
û3io,1(−
L
h
kii) + ε1û′3io,2(−
L
h
kii) +O(ε21 )
)
∼ u∗
h
L
û3io,1(−
L
h
kii), as ε1 → 0,with kii fixed
∼ u∗
h
L
(−
L
h
kii)β
′ 1
(hLii)/L
, as kii →∞.
(3.57)
The inner-outer expansion of the inner-inner expansion of û3 is
û3 = u∗
(
û3ii,1(−
h
L
kio) + ε1û3ii,2(−
h
L
kio) +O(ε21 )
)
∼ u∗û3ii,1(−
h
L
kio), as ε1 → 0,with kio fixed
∼ u∗(kii)β
′ 1
Lii
, as kio → 0.
(3.58)
Matching (3.57) and (3.58) results β′ = 0. Thus
û3ii,1 ∼ k0ii
1
Lii
,
φ3ii,1 = L
2
ii 〈û3ii,1û
∗
3ii,1〉 ∼ k
0
ii .
(3.59)
The inner-inner expansion of the inner-outer expansion of θ̂ is
θ̂ =
Q
u∗
(
θ̂io,1(−
L
h
kii) + ε1θ̂
′
io,2(−
L
h
kii) +O(ε21 )
)
∼
Q
u∗
θ̂io,1(−
L
h
kii), as ε1 → 0,with kii fixed
∼
Q
u∗
(−
L
h
kii)γ
′ 1
(hLii)/L
, as kii →∞,
(3.60)
keeping only one term.
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The inner-outer expansion of the inner-inner expansion of θ̂ is
θ̂ =
Q
u∗
(
θ̂ii,1(−
h
L
kio) + ε1θ̂ii,2(−
h
L
kio) +O(ε21 )
)
∼
Q
u∗
θ̂ii,1(−
h
L
kio), as ε1 → 0,with kio fixed
∼
Q
u∗
kγ
′
ii
1
Lii
, as kio → 0,
(3.61)
also keeping only one term.
Matching (3.60) and (3.61) results γ′ = −1. Thus,
θ̂ii,1 ∼ k−1ii
1
Lii
,
φθii,1 = L
2
ii 〈θ̂ii,1θ̂
∗
ii,1〉 ∼ k
−2
ii .
(3.62)
The overlapping region of the inner-outer and inner-inner ranges is the dynamic range (figure 3.1).
3.3.7 Second-order corrections to the leading-order solution in the convective range
To obtain the second-order corrections in the expansions, the scaling exponents of nonlinear terms
similar to that in (3.2) are needed. Equations (3.19), (3.20), and (3.22) show that (∂ p̂/∂x3)o,1, ik1o p̂o,1 and
the nonlinear term L2o
∫
û1oik ′1oû1odk
′
o have the same wavenumber dependence (power law) as θ̂o,1. It is
also useful to obtain the scaling exponents of the nonlinear terms using asymptotic matching. In the matching
region,
L2
∫
ik ′1û1(k
′)û1(k − k′)dk′ =
w2∗
zi
L2o
∫
û1oik ′1oû1odk
′
o
(
=
w2∗
zi
No(ko)
)
= −
u2∗
L
L2io
∫
û1ioik ′1ioû1iodk
′
io
(
= −
u2∗
L
Nio(kio)
)
,
(3.63)
with
−
u2∗
L
Nio(kio) ∼ −
u2∗
L
kpio
1
Lio
,
w2∗
zi
No(ko) ∼
w2∗
zi
kpo
1
Lo
.
(3.64)
Thus
−
u2∗
L
kpio
1
Lio
=
w2∗
zi
(−
zi
L
)
1
3 kpo (−
zi
L
)−p
1
Lo
(−
zi
L
)−1 =
w2∗
zi
kpo
1
Lo
(−
zi
L
)
1
3−p−1, (3.65)
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leading to p = −2/3. In general, for a ratio of the outer to inner scales of (−zi/L)q , the scaling exponent of
the nonlinear term can be obtained in a similar way to (3.65) by
p = q − 1. (3.66)
It is also useful to relate the ratio of the outer to inner-outer scales of the nonlinear term to the
exponent in the power law of û1o(ko) (or û1io(kio)) as follows.
w2∗
zi
L2o
∫
ik ′1oû1o(k
′
o)û1o(ko − k
′
o)dk
′
o = −
u2∗
L
L2io
∫
ik ′1ioû1io(k
′
io)û1io(kio − k
′
io)dk
′
io, (3.67)
−
u2∗
L
L2io
∫
ik ′1iok
′r
io
1
Lio
(kio − k ′io)
r 1
Lio
dk′io
∼
w2∗
zi
(−
zi
L
)
1
3
∫
ik ′1o(−
zi
L
)−1k ′ro (−
zi
L
)−r (ko − k ′o)
r (−
zi
L
)−rdk′o(−
zi
L
)−2
∼
w2∗
zi
L2o
∫
ik ′1ok
′r
o
1
Lo
(ko − k ′o)
r 1
Lo
dk′o(−
zi
L
)
1
3−1−r−r−2,
(3.68)
leading to
1
3
− 1 − r − r − 2 = 0, r = −
4
3
. (3.69)
The scaling exponent is the same as in (3.46), obtained through matching. Similarly, the scaling exponents of
the Fourier transforms of the velocity components, r and s, which can be different, satisfy
q − (r + s) − 3 = 0. (3.70)
From equations (3.66) and (3.70),
p = r + s + 2. (3.71)
This relationship will be used to obtain the scaling exponents of the terms in the second-order corrections in
the expansions.
Substituting the outer expansions (3.23) into the outer equation (3.19) and (3.20) and collecting the
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same order of ε , we obtain the second-order equations for the outer variables û1o,2, û3o,2, and θ̂o,2.
D̄û1o,2
Dτ
+ L2o
∫
û3o,1
∂û1o,2
∂x3o
dk′o + L
2
o
∫
û3o,2
∂û1o,1
∂x3o
dk′o + û3o,1
( ∂U
∂x3
)
o
+L2o
∫
û1o,1ik ′1oû1o,2dk
′
o + L
2
o
∫
û1o,2ik ′1oû1o,1dk
′
o = −ik1o p̂o,2,
(3.72)
0 = −
( ∂ p̂
∂x3
)
o,2
+ θ̂o,2. (3.73)
The mean shear term scales as (using equation 3.50)
û3o,1
( ∂U
∂x3
)
o
∼ k
− 13
o
1
Lo
. (3.74)
Balancing this term and the nonlinear term in equation (3.72) results in
k
− 13
o
1
Lo
∼ L2o
∫
û1o,1ik ′1oû1o,2dk
′
o ∼ L
2
o
∫
kro
1
Lo
ik ′1o(ko − k
′
o)
s 1
Lo
dk′o . (3.75)
Thus, using equation (3.71), p = −1/3, r = −4/3 (equation 3.46), we obtain s = −1,
û1o,2 ∼ k−1o
1
Lo
. (3.76)
Using the continuity equation
û3o,2 ∼ k0o
1
Lo
. (3.77)
Balancing the buoyancy, pressure gradient, and mean shear terms in equation (3.72) and (3.73) results in
θ̂o,2 ∼
( ∂ p̂
∂x3
)
o,2
∼ ik1o p̂o,2 ∼ û3o,1
( ∂U
∂x3
)
o
∼ k
− 13
o
1
Lo
. (3.78)
The outer expansions are
û1o(ko, x3o) = A1k
− 43
o
1
Lo
+ εB1k−1o
1
Lo
+O(ε2),
û3o(ko, x3o) = A3k
− 13
o
1
Lo
+ εB3k0o
1
Lo
+O(ε2),
θ̂o(ko, x3o) = Aθ k
− 23
o
1
Lo
+ εBθ k
− 13
o
1
Lo
+O(ε2).
(3.79)
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The second-order terms reflect the influence of the mean shear as k → −1/L.
The time derivative term D̄û1io,2/Dτ will be large as kio → ∞, and therefore is the source of the
departure from the convective scaling. Substituting the inner-outer expansions (3.38) into the inner-outer
equations (3.35) and (3.36) and collecting the same order of ε2, we obtain the second-order equations for the
inner-outer variables
D̄u1io,1
Dτ
+ L2io
∫
û3io,1
∂û1io,2
∂x3io
dk′io + L
2
io
∫
û3io,2
∂û1io,1
∂x3io
dk′io + û3io,2
( ∂U
∂x3
)
io
+L2io
∫
û1io,1ik ′1ioû1io,2dk
′
io + L
2
io
∫
û1io,2ik ′1ioû1io,1dk
′
io = −ik1io p̂io,2,
(3.80)
0 = −
( ∂ p̂
∂x3
)
io,2
+ θ̂io,2. (3.81)
Balancing the time derivative term with the nonlinear term in equation (3.80) results in (using
equation 3.46)
k
− 43
io
1
Lio
∼ L2io
∫
û1io,1ik ′1ioû1io,2dk
′
io ∼ L
2
io
∫
krio
1
Lio
ik ′1io(kio − k
′
io)
s 1
Lio
dk′io . (3.82)
Thus, using equation (3.71), p = −4/3, r = −4/3 (equation 3.46), we obtain s = −2,
û1io,2 ∼ k−2io
1
Lio
. (3.83)
Using the continuity equation
û3io,2 ∼ k−1io
1
Lio
. (3.84)
Balancing the buoyancy, pressure gradient, and mean shear terms in equation (3.80) and (3.81) results in
θ̂io,2 ∼
( ∂ p̂
∂x3
)
io,2
∼ ik1io p̂io,2 ∼ û3io,2
( ∂U
∂x3
)
io
∼ k
− 43
o
1
Lio
. (3.85)
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The inner-outer expansions therefore are
û1io(kio, x3io) = A1κ−
1
3 k
− 43
io
1
Lio
+ ε2C1k−2io
1
Lio
+O(ε4),
û3io(kio, x3io) = A3κ−
1
3 k
− 13
io
1
Lio
+ ε2C3k−1io
1
Lio
+O(ε4),
θ̂io(kio, x3io) = Aθ κ
1
3 k
− 23
io
1
Lio
+ ε2Cθ k
− 43
io
1
Lio
+O(ε4).
(3.86)
The second-order terms reflect the effects of the time derivative as k → 1/zi .
Matching (3.44) and (3.45) up to the second order results in additional leading-order and second-
order terms. Combining the outer and inner-outer expansions (3.79) and (3.86), we obtain the composite
solution in the convective range as
û1 = w∗
(
A1k
−4/3
o
1
Lo
+ C1κ1/3k−2o
1
Lo
+ εB1k−1o
1
Lo
+ εD1k
−5/3
o
1
Lo
+ · · ·
)
= u∗
(
A1κ−1/3k
−4/3
io
1
Lio
+ B1κ−1/3k−1io
1
Lio
+ ε2C1k−2io
1
Lio
+ ε2D1κ−1/3k
−5/3
io
1
Lio
+ · · ·
)
,
(3.87)
û3 = w∗
h
zi
(
A3k
−1/3
o
1
Lo
+ C3κ1/3k−1o
1
Lo
+ εB3k0o
1
Lo
+ εD3k
−2/3
o
1
Lo
+ · · ·
)
= −u∗
h
L
(
A3κ−1/3k
−1/3
io
1
Lio
+ B3κ−1/3k0io
1
Lio
+ ε2C3k−1io
1
Lio
+ ε2D3κ−1/3k
−2/3
io
1
Lio
+ · · ·
)
,
(3.88)
θ̂ =
Q
w∗
(
Aθ k
−2/3
o
1
Lo
+ Cθ κ−1/3k
−4/3
o
1
Lo
+ εBθ k
− 13
o
1
Lo
+ εDθ k−1o
1
Lo
+ · · ·
)
=
Q
u∗
(
Aθ κ1/3k
−2/3
io
1
Lio
+ Bθ κ1/3k
−1/3
io
1
Lio
+ ε2Cθ k
−4/3
io
1
Lio
+ ε2Dθ κ1/3k−1io
1
Lio
+ · · ·
)
.
(3.89)
46
We can write the spectra obtained from the composite expansions for the convective range as
φ11 = w
2
∗ z
2
i
(
A21k
−8/3
o + 2A1C1κ1/3k
−10/3
o + ε(2A1B1k
−7/3
o + 2B1C1κ1/3k−3o
+ 2A1D1k−3o + 2C1D1κ1/3k
−11/3
o ) + · · ·
)
= u2∗L
2
(
A21κ
−2/3k−8/3io + 2A1B1κ
−2/3k−7/3io
+ ε2(2A1C1κ−1/3k−10/3io + 2B1C1κ
−1/3k−3io
+ 2A1D1κ−2/3k−3io + 2B1D1κ
−2/3k−8/3io ) + · · ·
)
,
(3.90)
φ33 = w
2
∗h
2
(
A23k
−2/3
o + 2A3C3κ1/3k
−4/3
o + ε(2A3B3k
−1/3
o + 2B3C3κ1/3k−1o
+ 2A3D3k−1o + 2C3D3κ1/3k
−5/3
o ) + · · ·
)
= u2∗h
2
(
A23κ
−2/3k−2/3io + 2A3B3κ
−2/3k−1/3io
+ ε2(2A3C3κ−1/3k−4/3io + 2B3C3κ
−1/3k−1io
+ 2A3D3κ−2/3k−1io + 2B3D3κ
−2/3k−2/3io ) + · · ·
)
,
(3.91)
φθ =
Q2
w2∗
z2i
(
A2θ k
−4/3
o + 2AθCθ κ−1/3k−2o + ε(2AθBθ k−1o + 2BθCθ κ−1/3k
−5/3
o
+ 2AθDθ k−5/3o + 2CθDθ κ−1/3k
−7/3
o ) + · · ·
)
=
Q2
u2∗
L2
(
A2θ κ
2/3k−4/3io + 2AθBθ κ
2/3k−1io + ε
2(2AθCθ κ1/3k−2io + 2BθCθ κ
1/3k−5/3io
+ 2AθDθ κ2/3k−5/3io + 2BθDθ κ
2/3k−4/3io ) + · · ·
)
.
(3.92)
The non-dimensional coefficients (the values summarized in table 3.1) in the convective range are determined
using LES of atmospheric boundary layer (Tong &Nguyen 2015, Moeng 1984). However, due to the accuracy
of LES necessary to determine the coefficients D1, D3 and Dθ , we do not attempt to determine them in this
work and do not include these terms in the comparison with LES results. First, the non-dimensional spectra
at z = 30 m obtained using the strongly (zi = 1076 m, −L = 4 m) and moderately (zi = 971 m, −L = 108 m)
convective cases (Tong & Nguyen 2015), as functions of kzi and non-dimensionalized using the outer scales,
were used to determine the values of A and C. The use of LES for −L = 4 m is justified because according
to the analysis in section 3.2, the convective-range expansions are uniformly valid with respect to z, i.e., the
z-dependence of the spectra in the convective range is only in the form of z/zi , not −z/L. By fitting the leading
terms in the composite expansions of outer variables (3.90, 3.91, and 3.92) to the non-dimensional spectra in
the outer regions, we obtained the values of A andC, as shown in table 3.1. We then used the non-dimensional
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A B C A′ B′ C ′
φ11 0.70 0.03 0.49 0.90 0.04 0.02
φ33 0.72 0.01 0.29 0.82 0.23 0.15
φθ 0.90 0.02 0.23 0.82 0.04 0.20
Table 3.1: Values of the non-dimensional coefficients for the composite expansions in the convective and
dynamic ranges.
spectra obtained in moderately convective case, as functions of −kL and non-dimensionalized using the inner-
outer scales. In the inner-outer region, fitting the composite expansions of inner-outer variables (3.90, 3.91,
and 3.92) to the non-dimensional spectra, we obtained the values of B. The composite expansions are shown
in figure 3.3 for a range of −zi/L values. Figure 3.4 shows the comparisons of the composite expansions with
the spectra at z = 30 m obtained using LES.
3.3.8 Second-order corrections to the leading-order solution in the Dynamic range
The nonlinear terms on the LHS of (3.36) will be of order one as kio → 0, and therefore is the
source for the departure from the dynamic range scaling. Substitute the inner-outer expansions (3.39) into the
inner-outer equations (3.35), (3.36), and (3.37) and collect the same order of ε1, we obtain the second-order
equations for inner-outer variables as
L2io
∫
û3io,1
∂û′1io,2
∂x3io
dk′io + L
2
io
∫
û′3io,2
∂û1io,1
∂x3io
dk′io + û
′
3io,2
( ∂U
∂x3
)
io
+ L2io
∫
û1io,1ik ′1ioû
′
1io,2dk
′
io
+L2io
∫
û′1io,2ik
′
1ioû1io,1dk
′
io = −ik1io p̂io,2,
(3.93)
L2io
∫
û3io,1
∂û3io,1
∂x3io
dk′io + L
2
io
∫
û1io,1ik ′1ioû3io,1dk
′
io = −
( ∂ p̂
∂x3
)
io,2
+θ̂ ′io,2, (3.94)
L2io
∫
û1io,1ik ′1io θ̂
′
io,2dk
′
io + L
2
io
∫
û′1io,2ik
′
1io θ̂io,1dk
′
io + û
′
3io,2
( ∂Θ
∂x3
)
io
+ L2io
∫
û3io,1
∂θ̂ ′
io,2
∂x3io
dk′io
+L2io
∫
û′3io,2
∂θ̂io,1
∂x3io
dk′io = 0.
(3.95)
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Figure 3.3: Composite expansions of (a) the horizontal velocity, (b) the vertical velocity, and (c) the potential
temperature spectra for ε = 0.46, 0.41, 0.37, 0.32, 0.27, 0.22, (corresponding −zi/L = 10, 15, 20, 30, 50, 100
respectively), and ε1 = −h/L = 0.5, 0.4, 0.3, 0.2, 0.1, ordered in the directions of the arrows. The dashed lines
represent the leading-order solutions. The temperature scale is written as T∗ = Q/u∗.
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Figure 3.4: Comparisons of the composite expansions (solid) of (a) the horizontal velocity, (b) the vertical
velocity, and (c) the potential temperature spectra with the spectra (z = 30 m) obtained using LES in 2048
(dashed, zi = 971 m, −L = 108 m) and 1024 (dash-dotted, zi = 1031 m, −L = 104 m) resolutions. The
temperature scale is written as T∗ = Q/u∗. 50
Balancing the pressure gradient and the nonlinear terms in equations (3.93) and (3.94), using equation (3.71),
we obtain
L2io
∫
û1io,1ik ′1ioû
′
1io,2dk
′
io ∼ −ik1io p̂io,2 ∼ −
( ∂ p̂
∂x3
)
io,2
∼ L2io
∫
û1io,1ik ′1ioû3io,1dk
′
io, (3.96)
k−1+s+2io = k
−1+0+2
io , s = 0, (3.97)
û′1io,2 ∼ k
0
io
1
Lio
. (3.98)
Using the continuity equation, we have
û′3io,2 ∼ k
1
io
1
Lio
. (3.99)
Balancing the nonlinear term and mean shear term in equation (3.95), using equation (3.71), we obtain
L2io
∫
û1io,1ik ′1io θ̂
′
io,2dk
′
io ∼ û
′
3io,2
( ∂Θ
∂x3
)
io
, (3.100)
k−1+s+2io = k
1
io, s = 0, (3.101)
θ̂ ′io,2 ∼ k
0
io
1
Lio
. (3.102)
The inner-outer expansions are
û1io(kio, x3io) = A′1k
−1
io
1
Lio
+ ε1B′1k
0
io
1
Lio
+O(ε21 ),
û3io(kio, x3io) = A′3k
0
io
1
Lio
+ ε1B′3k
1
io
1
Lio
+O(ε21 ),
θ̂io(kio, x3io) = A′θ k
−1
io
1
Lio
+ ε1B′θ k
0
io
1
Lio
+O(ε21 ).
(3.103)
The buoyancy term ε1θ̂ii in equation (3.41) will be of order one as kii → ∞, and therefore is the source of
departure from the dynamic range scaling. Substitute the inner-inner expansions (3.43) into the inner-inner
equations (3.40), (3.41), and (3.42) and collect the same order of ε1, we obtain the second-order equations for
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inner-inner variables as
L2ii
∫
û3ii,1
∂û1ii,2
∂x3ii
dk′ii + L
2
ii
∫
û3ii,2
∂û1ii,1
∂x3ii
dk′ii + û3ii,2
( ∂U
∂x3
)
ii
+ L2ii
∫
û1ii,1ik ′1ii û1ii,2dk
′
ii
+L2ii
∫
û1ii,2ik ′1ii û1ii,1dk
′
ii = −ik1ii p̂ii,2,
(3.104)
L2ii
∫
û3ii,1
∂û3ii,2
∂x3ii
dk′ii + L
2
ii
∫
û3ii,2
∂û3ii,1
∂x3ii
dk′ii + L
2
ii
∫
û1ii,1ik ′1ii û3ii,2dk
′
ii
+L2ii
∫
û1ii,2ik ′1ii û3ii,1dk
′
ii = −
( ∂ p̂
∂x3
)
ii,2
+ θ̂ii,1,
(3.105)
L2ii
∫
û1ii,1ik ′1ii θ̂ii,2dk
′
ii + L
2
ii
∫
û1ii,2ik ′1ii θ̂ii,1dk
′
ii + û3ii,2
( ∂Θ
∂x3
)
ii
+ L2ii
∫
û3ii,1
∂θ̂ii,2
∂x3ii
dk′ii
+ L2ii
∫
û3ii,2
∂θ̂ii,1
∂x3ii
dk′ii = 0.
(3.106)
Balancing the pressure gradient terms, the nonlinear terms and the buoyancy term (θ̂ii,1 ∼ k−1ii /Li)
in equations (3.104) and (3.105), using equation (3.71), we obtain
L2ii
∫
û1ii,1ik ′1ii û1ii,2dk
′
ii ∼ −ik1ii p̂ii,2 ∼ −
( ∂ p̂
∂x3
)
ii,2
∼ θ̂ii,1, (3.107)
k−1+s+2ii = k
−1
ii , s = −2, (3.108)
û1ii,2 ∼ k−2ii
1
Lii
, (3.109)
Using the continuity equation, we have
û3ii,2 ∼ k−1ii
1
Lii
. (3.110)
Balancing the nonlinear term and mean shear term in equation (3.106), using equation (3.71), we obtain
L2ii
∫
û1ii,1ik ′1ii θ̂ii,2dk
′
ii ∼ û3ii,2
( ∂Θ
∂x3
)
ii
, (3.111)
52
k−1+s+2ii = k
−1
ii , s = −2, (3.112)
θ̂ii,2 ∼ k−2ii
1
Lii
. (3.113)
The inner-inner expansions are
û1ii(kii, x3ii) = A′1k
−1
ii
1
Lii
+ ε1C ′1k
−2
ii
1
Lii
+O(ε21 ),
û3ii(kii, x3ii) = A′3k
0
ii
1
Lii
+ ε1C ′3k
−1
ii
1
Lii
+O(ε21 ),
θ̂ii(kii, x3ii) = A′θ k
−1
ii
1
Lii
+ ε1C ′θ k
−2
ii
1
Lii
+O(ε21 ).
(3.114)
Matching (3.54) and (3.55) up to the second order results in additional leading-order and second-order
terms. Combining the inner-outer and inner-inner expansions (3.103) and (3.114), we obtain the composite
solutions in the dynamic range as
û1 = u∗
(
A′1k
−1
io
1
Lio
+ C ′1k
−2
io
1
Lio
+ ε1B′1k
0
io
1
Lio
+ ε1D′1k
−1
io
1
Lio
+ · · ·
)
= u∗
(
A′1k
−1
ii
1
Lii
+ B′1k
0
ii
1
Lii
+ ε1C ′1k
−2
ii
1
Lii
+ ε1D′1k
−1
ii
1
Lii
+ · · ·
)
,
(3.115)
û3 = −u∗
h
L
(
A′3k
0
io
1
Lio
+ C ′3k
−1
io
1
Lio
+ ε1B′3k
1
io
1
Lio
+ ε1D′3k
0
io
1
Lio
+ · · ·
)
= u∗
(
A′3k
0
ii
1
Lii
+ B′3k
1
ii
1
Lii
+ ε1C ′3k
−1
ii
1
Lii
+ ε1D′3k
0
ii
1
Lii
+ · · ·
)
,
(3.116)
θ̂ =
Q
u∗
(
A′θ k
−1
io
1
Lio
+ C ′θ k
−2
io
1
Lio
+ ε1B′θ k
0
io
1
Lio
+ ε1D′θ k
−1
io
1
Lio
+ · · ·
)
=
Q
u∗
(
A′θ k
−1
ii
1
Lii
+ B′θ k
0
ii
1
Lii
+ ε1C ′θ k
−2
ii
1
Lii
+ ε1D′θ k
−1
ii
1
Lii
+ · · ·
)
.
(3.117)
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We can write the spectra obtained from the composite expansions for the dynamic range as
φ11 = u2∗L
2
(
A′21 k
−2
io + 2A
′
1C
′
1k
−3
io + ε1(2A
′
1B
′
1k
−1
io + 2B
′
1C
′
1k
−2
io
+ 2A′1D
′
1k
−2
io + 2C
′
1D
′
1k
−3
io ) + · · ·
)
= u2∗h
2
(
A′21 k
−2
ii + 2A
′
1B
′
1k
−1
ii + ε1(2A
′
1C
′
1k
−3
ii + 2B
′
1C
′
1k
−2
ii
+ 2A′1D
′
1k
−2
ii + 2B
′
1D
′
1k
−1
ii ) + · · ·
)
,
(3.118)
φ33 = u2∗h
2
(
A′23 k
0
io + 2A
′
3C
′
3k
−1
io + ε1(2A
′
3B
′
3k
1
io + 2B
′
3C
′
3k
0
io
+ 2A′3D
′
3k
0
io + 2C
′
3D
′
3k
−1
io ) + · · ·
)
= u2∗h
2
(
A′23 k
0
ii + 2A
′
3B
′
3k
1
ii + ε1(2A
′
3C
′
3k
−1
ii + 2B
′
3C
′
3k
0
ii
+ 2A′3D
′
3k
0
ii + 2B
′
3D
′
3k
1
ii) + · · ·
)
,
(3.119)
φθ =
Q2
u2∗
L2
(
A′2θ k
−2
io + 2A
′
θC
′
θ k
−3
io + ε1(2A
′
θB
′
θ k
−1
io + 2B
′
θC
′
θ k
−2
io
+ 2A′θD
′
θ k
−2
io + 2C
′
θD
′
θ k
−3
io ) + · · ·
)
=
Q2
u2∗
h2
(
A′2θ k
−2
ii + 2A
′
θB
′
θ k
−1
ii + ε1(2A
′
θC
′
θ k
−3
ii + 2B
′
θC
′
θ k
−2
ii
+ 2A′θD
′
θ k
−2
ii + 2B
′
θD
′
θ k
−1
ii ) + · · ·
)
.
(3.120)
To determine the values of the non-dimensional coefficients in the dynamic range, we used the weakly
(zi = 1015 m, −L = 331 m) and moderately (zi = 971 m, −L = 108 m) convective cases of LES, and then
employed the same fitting process as for the convective range. Again, we do not attempt to determine the
D′1, D
′
3 and D
′
θ terms and do not include the terms in the comparison with LES results. First, the spectra at
z = 30 m obtained in these two different convective cases were non-dimensionalized using the inner-inner
scales, as functions of kz. In the inner-inner regions, fitting the leading terms in the composite expansions of
inner-inner variables (3.118, 3.119, 3.120), we obtained the values of A′ and B′. Then, the spectra were non-
dimensionalized using the inner-outer scales, as functions of −kL. Using the values of A′ and B′ obtained
above, the values of C ′ are then obtained by fitting the composite expansions of inner-outer variables to
the non-dimensional spectra in the inner-outer regions. The values are given in table 3.1. The composite
expansions and comparisons of them with spectra obtained by LES are also shown in figure 3.3 and 3.4.
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3.4 Conclusions and discussions
In the present work we derived analytically the MMO similarity for the case of two-point statistics
with horizontal separations by deriving the surface-layer similarity of the horizontal Fourier transforms of the
velocity and potential temperature fluctuations, which are equivalent to the two-point horizontal differences of
these variables. We also derived the scaling exponents and the second-order corrections to the leading-order
solutions.
The Navier-Stokes equations and the potential temperature equation in the Fourier space were
employed in the analysis. We showed that for wavenumbers k < 1/z in a convective surface layer, the solution
(the Fourier transforms, e.g., û1(k, z)) is uniformly valid with respect to z, i.e., as z decreases from z > −L to
z < −L, the scaling of the solution does not change. However, for z < −L the solution is not uniformly valid
with respective to k, i.e., as k increases from k < −1/L to k > −1/L, the scaling changes due to the mean
shear term in the û1 equation, thereby resulting in a singular perturbation problem, which we analyze using
the method of matched asymptotic expansions.
With w∗, Q/w∗ and zi as the outer-scale velocity, potential temperature, and horizontal length scales
of the problem respectively, the outer expansions were obtained with the small parameter, ε = (−zi/L)−1/3,
in the mean shear term. Two inner scales were obtained using the distinguished limits of the inner equations.
The first (inner-outer scale) has a velocity, temperature, and horizontal length scales of u∗, Q/u∗, and −L,
respectively. Therefore −L is obtained analytically as the characteristic horizontal length scale, proving a key
hypothesis of MMO. The second (inner-inner scale) has a velocity, temperature, and horizontal length scales
of u∗, Q/u∗, and z, respectively, same as the stress- and flux-carrying scales.
The two new scaling ranges discovered in Tong & Nguyen (2015) were shown to be located between
the outer and two inner length scales: the convective range between the outer and inner-outer scales, and the
dynamic range between the inner-outer and inner-inner scales. Therefore there are two sets of inner-outer
expansions, one as the “inner” expansions to be matched with the outer expansions, and the other as the
“outer” expansions to be matched with the inner-inner expansions. The leading-order inner-outer expansions
were shown to be functions of the nondimensional wavenumber −kL, the independent similarity variable,
thereby providing a proof of MMO for the case of two-point statistics.
The asymptotic analysis also reveals the dominant dynamics in each scaling range. The balance for
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the leading-order terms in the convective range for the streamwise velocity is between the nonlinear and the
pressure gradient terms, whereas for vertical velocity it is between the buoyancy and pressure gradient terms.
For the potential temperature the balance is between the horizontal and vertical transport. In the dynamic
range, the balance for the streamwise velocity is between the mean shear, nonlinear and pressure gradient
terms, whereas for the vertical velocity it is the same as the convective range. For the potential temperature it
is between the mean gradient production and horizontal and vertical transport.
We derived the leading-order scaling exponents for the two scaling ranges and the corrections to the
scaling ranges for finite ratios of the length scales (−zi/L and −h/L) using matched asymptotic expansions.
The second-order corrections for the outer expansions are due to the mean shear (order ε). The corrections
for the first set of the inner-outer expansions are due to the time derivatives (order ε2). The second-order
corrections for the second set are due to the nonlinear terms in the vertical velocity equation (order ε1). The
corrections for the inner-inner expansions are due to the buoyancy term (also order ε1).
The present study proves a key hypothesis of MMO is that L is the horizontal length scale. It also
proves the validity of the MMO hypotheses for the case of two-point horizontal separations, providing strong
support to MMO for general multi-point velocity and potential temperature differences.
As a general theoretical framework for the surface-layer turbulence, MMO establishes universal
complete surface-layer similarity. The ABL is a multi-scale problem. As a whole it does not have universal
similarity, because the large scales are subjected to external influences, such as unsteadiness and mesoscale
inhomogeneity, etc. As the inner layer of the ABL, the surface layer is expected to have universal similarity,
which should hold in any surface layer. MMO establishes that multi-point statistics have universal complete
similarity. Because length scales are explicitly included in multi-point statistics, MMO is a reflection of the
similarity of surface-layer eddies, defined as eddies that are entirely inside the surface layer (k  1/zi), but
excluding inertial-scale eddies, (1/z  k). Note that spectra at k ∼ 1/zi do not have universal similarity, as
zi is not a surface-layer scale. Furthermore, motions with k ∼ 1/zi originate outside of (at heights above) the
surface layer, and are dominated by processes at these heights. Therefore, complete surface-layer similarity
should be defined as that of the surface-layer eddies. MMO indicates that this similarity is universal and
complete, and can only be represented by multi-point statistics. On the other hand, one-point statistics do not
always scale with the surface-layer parameters L and u∗ (e.g., the horizontal velocity variances), because non-
surface-layer eddies (e.g., mixed-layer eddies) can dominate these statistics. Consequently, one-point statistics
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do not always reflect the similarity of the surface-layer eddies. The lack of universal complete surface-layer
similarity of one-point statistics, therefore, does not contradict the universal complete surface-layer similarity.
MMO also has implications for a number of research areas where the scaling properties of the
surface-layer turbulence play an important role. For example, in a two-particle relative dispersion problem,
the horizontal growth rate of a particle cloud depends on the scaling of the horizontal velocity differences.
The newly discovered convective and dynamic ranges would results in different growth rates. Dispersion
models therefore need to include these scaling ranges. Mixing of chemical species in the surface layer is
also influenced by the scaling of velocity differences. MMO therefore has implications on the atmospheric
chemistry. The wind turbine aerodynamic loading also depends on the scaling of the horizontal velocity
differences. Here both the horizontal and vertical velocity differences are likely to be important. In addition,
MMO also has implications for understanding wave propagation and interference in the surface layer. Further
research into the multi-point difference JPDF will be important for addressing these issues.
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Chapter 4
Velocity-defect laws, log law and
logarithmic friction law in the convective
atmospheric boundary layer
4.1 Introduction
The mean velocity profile is one of the most important properties of a turbulent boundary layer. The
classical high-Reynolds-number (neutral) boundary layer over a smooth plane has a two-layer structure. In the
thin layer close to the wall viscous effects are important, leading to the law of the wall (Prandtl 1925). In the
layer away from the wall, the velocity-defect law was obtained (von Kármán 1930). The log law was obtained
for the overlapping region of the two layers (von Kármán 1930). Furthermore, the logarithmic friction law
was obtained from the log law and the velocity-defect law (Millikan 1938).
For the convective atmospheric boundary layer (CBL), the Monin–Obukhov similarity theory
(MOST) (Obukhov 1946, Monin & Obukhov 1954) predicts that the non-dimensional mean shear in the
surface-layer scales as φm(−z/L), where L = −u3∗/(κ(g/Θ)Q), with z, L, u∗, κ, g, Θ, and Q the distance
from the surface, the Obukhov length, the friction velocity, the von Kármán constant, the gravity acceleration,
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the mean potential temperature, and the surface temperature flux, respectively. For −z/L  1, φm = 1, the
theory is consistent with the log law, which has been confirmed by numerous measurements and simulations
(e.g., Wyngaard et al. 1971, Businger et al. 1971). The physical justification for the existence of the log law
in the presence of the convective eddies is based on the concepts of attached eddies and inactive motions
(Townsend 1976), and therefore appears to be less rigorous compared with that for the neutral boundary
layer. In the local-free-convection layer (−z/L  1 but z/zi  1), the non-dimensional mean shear has been
implied to vary as (−z/L)−4/3 (Monin & Obukhov 1954; Wyngaard et al. 1971), where zi is the boundary
layer (inversion) height.
The velocity-defect law for the neutral atmospheric boundary layer (ABL) was proposed for the
difference between the outer layer mean velocity and the geostrophic wind, Ug, with u∗ as the velocity scale
(Blackadar & Tennekes 1968). Garratt et al. (1982) analyzed the velocity defect in the CBL with u∗ as the
velocity scale. A geostrophic drag law was also proposed (Lettau 1959, Kazanski & Monin 1960, Csanady
1967, Blackadar & Tennekes 1968, and Brown 1973). Zilitinkevich et al. (1967) and Zilitinkevich (1969)
extended the geostrophic drag law to include buoyancy effects:
Ug
u∗
=
1
κ
ln
h
h0
+ A(
h
L
), (4.1)
where h = u∗/ f and h0 are the Ekman layer height and the roughness height, respectively. However, this
drag law is not supported by measurements (Zilitinkevich & Chalikov 1968, Clarke 1970a, Clarke 1970b,
and Clarke 1972). Arya (1975) replaced u∗/ f by the inversion height zi . Garratt et al. (1982) proposed a
three-layer model, which led to a drag law that uses the Monin–Obukhov stability function (equation 4.103).
There appears to be systematic deviations of the drag law from observations (Garratt et al. 1982).
Zilitinkevich & Deardorff (1974) proposed a velocity defect law with a velocity scale of u∗ and used
it to match the log law to obtain a resistance law for the CBL. Zilitinkevich (1975) and Zilitinkevich et al.
(1992) proposed another velocity-defect law with a velocity scale u∗(u∗/w∗) and matched it to an approximate
velocity profile in the local-free-convection layer to obtain another resistance law, where w∗ is the mixed-layer
velocity (or Deardorff) scale. In both cases, the streamwise geostrophic wind component is used and only a
single velocity defect is assumed for the entire CBL and therefore cannot properly represent the defects in the
CBL.
In the present work we derive the mean velocity profile in the CBL from first principles (the profile
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obtained previously is not based on first principles). The mean momentum equations and the shear-stress
budget equations, which contain the mean shear, are employed in the derivation. The scaling properties of
some of the statistics in these equations are needed for the derivation. Because MOST does not correctly
predict the scaling of all the statistics in the surface layer, it cannot provide the definitive scaling properties
needed. Instead, these scaling properties can be derived analytically from the multi-point Monin–Obukhov
similarity theory (MMO) (Tong & Nguyen 2015, Tong & Ding 2019).
The capping inversion layer also has different scaling than both the outer and inner layers that we
consider, and therefore is beyond the derivation based on the Monin–Obukhov similarity (both MOST and
MMO). In the present study we only consider the profiles below the inversion layer. Furthermore, since
the Monin–Obukhov similarity applies on to the surface layer, in a boundary layer that obeys this similarity,
the absolute value of the Obukhov length must be within the surface layer. Therefore we only consider the
convective boundary layer with −L  zi .
In the following, we will derive the mean velocity profile for the convective atmospheric boundary
layer (section 4.2). Although the derivation is for a rough wall, the derivation can easily be extended to the
case with a smooth wall. Comparisons of the profiles with large-eddy simulation (LES) are given in section
4.3, followed by the conclusions.
4.2 Mean velocity profile using matched asymptotic expansions
We consider a horizontally homogeneous barotropic atmospheric convective boundary layer with
geostrophic velocity components Ug and Vg, capped by a temperature inversion. The x-direction of the
coordinate system is aligned with the mean velocity direction in the bulk of the mixed-layer (it is shown
later in this section that the variations of the mean wind direction in the mixed layer are small for the CBL
considered.) The shear-stress budget equations and the mean-momentum equations are
∂uw
∂t
+ w2
∂U
∂z
−
g
T
uθ +
∂uw2
∂z
+ w
∂p
∂x
+ u
∂p
∂z
+ 2(Ω2w2 +Ω1uv −Ω3vw −Ω2u2) = 0, (4.2)
∂vw
∂t
+ w2
∂V
∂z
−
g
T
vθ +
∂vw2
∂z
+ w
∂p
∂y
+ v
∂p
∂z
+ 2(Ω1v2 +Ω3uw −Ω1w2 −Ω2uv) = 0, (4.3)
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Figure 4.1: Schematic of the overall CBL mean velocity profile, which has a three-layer structure. In the
outer and inner-outer layers, the mean velocity follows the mixed-layer and surface-layer velocity-defect laws
respectively. In the inner-inner layer, it obeys the law of the wall (only up to z < −L, however).
∂V
∂t
+
∂vw
∂z
= f (Ug −U) +
dτry
dz
, (4.4)
∂U
∂t
+
∂uw
∂z
= f (V − Vg) +
dτrx
dz
, (4.5)
where Ωi , f = 2Ω3, τrx , and τry are the components of Earth’s rotation vector, Coriolis parameter, and the
shear-stress in the x- and y-directions induced by the surface roughness, respectively. The Coriolis terms in
equations (4.2) and (4.3) are of higher order (e.g., Wyngaard 2010), thus we neglect them in this analysis.
Similar to the classical neutral boundary layer (e.g., Millikan 1938; Panton 2005), equations (4.2 to
4.5) for the convective surface layer also form a singular perturbation problem, but with a three-layer structure,
which we analyze in the following using the method of matched asymptotic expansions. A schematic of the
structure obtained in the analysis is shown in figure 4.1.
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In the outer layer, analyzed in section 4.2.1, turbulent fluctuations are dominated by buoyancy effects.
The larger vertical velocity variance reduces the mean velocity gradient compared to a neutral boundary layer.
The outer layer is affected by the external influences (from above), and therefore is not universal. The scales
in this layer include a mixed-layer mean velocity scale, the lateral geostrophic wind component, the surface
kinematic stress (u2∗), the surface temperature flux (Q), the inversion height (zi), the mixed-layer velocity
scale (w∗), and a lateral stress scale (equation 4.6). A new velocity defect law, the mixed-layer velocity-
defect law, is derived, which has a velocity scale of u∗(u∗/w∗). The inner-outer layer is characterized by the
importance of both buoyancy and shear production (section 4.2.2). In this layer, the terms in equations (4.2)
to (4.5) are isolated from the external influences, and therefore are universal. The scales for this layer are the
mixed-layer mean velocity scale, the lateral geostrophic wind component, the surface stress and temperature
flux, the Obukhov length (L), and a lateral stress scale. Another new velocity-defect law, the surface-layer
velocity-defect law is derived, which has a velocity scale of u∗. The overlapping portion of the outer and
inner-outer layers is the local-free-convection layer (section 4.2.3). The inner-inner layer is characterized by
negligible buoyancy production of the turbulent fluctuations (section 4.2.4), with the shear production and
roughness effects being important. Similar to the inner-outer layer, this layer is also universal. Its scales are
the roughness height, the surface stress, and the surface temperature flux. The overlapping portion of the
inner-outer layer and inner-inner layer is the log layer. A new logarithmic friction law (section 4.2.5), the
convective logarithmic friction law is derived by combining the log law and the surface-layer velocity-defect
law.
4.2.1 The outer expansions
The outer layer in the asymptotic expansions is defined as the layer with z being of the order of
zi , but below the capping inversion. We use Um, Vg, zi , u2∗ , u2∗we/( f zi) = −Vgwe, w2∗ , Q, and zi/w∗ as the
outer scales for the mean velocity components, height from the surface, the streamwise and lateral kinematic
stress components, velocity variance, potential temperature flux, and time to define the dimensionless outer
variables (with a subscript o):
U(z) = UmUo(
z
zi
), V(z) = VgVo(
z
zi
), uw = u2∗uwo, vw =
u2∗we
f zi
vwo,
z = zizo, uθ = Quθo, t =
zi
w∗
τ, w2 = w2∗w
2
o,
(4.6)
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where we is the entrainment velocity (at the capping inversion). These outer scales are given by the geometry
(zi), the external parameters ( f , we), and the boundary conditions (Ug, Q, and u∗, although u∗ is not an
independent one) of the problem. The scale of vw reflects the balance between the lateral pressure gradient
and the lateral stress generated by entrainment (Lilly 1968, Deardorff 1973,Wyngaard 2010). Themixed-layer
scale is obtained from Q, zi , and g/Θ, and is also an external parameter, because it is not a parameter in MOST
or MMO. The scale of lateral stress and Vg are obtained with the lateral mean velocity being of higher-order
in the outer layer. The outer-layer mean velocity scale Um will be determined later in this section (equation
4.27), but is asymptotically close to the mean velocity in the mixed layer. Panton (2005) showed that the use
of the free-stream velocity as the velocity scale leads to the velocity-defect law in neutral boundary layers. In
the present study, the use of Um also leads to velocity-defect laws in the CBL.
These parameters (outer scales) and the budget equations (4.2 – 4.5) form the singular perturbation
problem that describes the mean velocity of the CBL. In the following, the scaling laws of the mean velocity
will be derived by analyzing this problem using the method of matched asymptotic expansions. Therefore,
our analysis is based on first principles. These scaling law could potentially also be obtained less rigorously
using dimensional analysis without involving first principles (the budget equations).
Writing equations (4.2) and (4.3) in terms of the outer variables,
∂uwo
∂τ
u2∗w∗
zi
+ w2∗w
2
o
Um
zi
∂Uo
∂zo
−
g
T
Quθo +
w∗u2∗
zi
( ∂uw2o
∂zo
+
(
w
∂p
∂x
)
o
+
(
u
∂p
∂z
)
o
)
= 0, (4.7)
∂vwo
∂τ
u2∗we
f zi
w∗
zi
+ w2∗w
2
o
Vg
zi
∂Vo
∂zo
−
g
T
Qvθo +
w∗
zi
u2∗we
f zi
( ∂vw2o
∂zo
+
(
w
∂p
∂y
)
o
+
(
v
∂p
∂z
)
o
)
= 0, (4.8)
and dividing them by w2∗Um/zi results in the non-dimensional shear-stress budget equations for the outer
variables:
u∗
w∗
u∗
Um
∂uwo
∂τ
+ w2o
∂Uo
∂zo
−
w∗
Um
uθo +
u∗
w∗
u∗
Um
( ∂uw2o
∂zo
+
(
w
∂p
∂x
)
o
+
(
u
∂p
∂z
)
o
)
= 0, (4.9)
we
w∗
Vg
Um
∂vwo
∂τ
+ w2o
Vg
Um
∂Vo
∂zo
−
w∗
Um
vθo +
we
w∗
Vg
Um
( ∂vw2o
∂zo
+
(
w
∂p
∂y
)
o
+
(
v
∂p
∂z
)
o
)
= 0. (4.10)
There are two independent small parameters (u∗/w∗)(u∗/Um) and (we/w∗)(Vg/Um) in equations (4.9) and
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(4.10), since in a CBL that obeys M-O similarity u∗  w∗, u∗  Um, we  w∗, and Vg < Um. The
streamwise temperature flux in the buoyancy term in (4.9) scales as (−z/L)−2/3 in the local-free-convection
layer (Wyngaard et al. 1971), and is smaller in the outer layer as the turbulence becomes increasingly
horizontally isotropic. The cross-wind temperature flux is much smaller. Therefore, the buoyancy terms are
smaller than the terms containing (u∗/w∗)(u∗/Um) and (we/w∗)(Vg/Um). These small parameters are a result
of the outer scales (equation 4.6) and the terms in equations (4.9 and 4.10), reflecting the physics of the CBL.
Therefore, in general, we can write the outer expansions for U and V as,
Uo(zo) = Uo,1(zo) +
u∗
w∗
u∗
Um
Uo,2a(zo) +
we
w∗
Vg
Um
Uo,2b(zo), (4.11)
Vg
Um
Vo(zo) =
Vg
Um
Vo,1(zo) +
u∗
w∗
u∗
Um
Vo,2a(zo) +
we
w∗
Vg
Um
Vo,2b(zo). (4.12)
Thus,
Vo(zo) = Vo,1(zo) −
f zi
w∗
Vo,2a(zo) +
we
w∗
Vo,2b(zo). (4.13)
The last terms in the outer expansions result from the Coriolis effects. The expansions for the velocity
derivatives are
∂Uo
∂zo
=
∂Uo,1
∂zo
+
u∗
w∗
u∗
Um
∂Uo,2a
∂zo
+
we
w∗
Vg
Um
∂Uo,2b
∂zo
, (4.14)
∂Vo
∂zo
=
∂Vo,1
∂zo
−
f zi
w∗
∂Vo,2a
∂zo
+
we
w∗
∂Vo,2b
∂zo
. (4.15)
Inserting equations (4.14 & 4.15) into equations (4.9 & 4.10), we find that the only leading-order
terms are the mean-shear production terms (those that do not contain small parameters). Thus,
∂Uo,1
∂zo
= 0,
∂Vo,1
∂zo
= 0, (4.16)
resulting in
Uo,1 = 1, (4.17)
Vo,1 = 0, since V = 0 at some height in the mixed layer. (4.18)
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Setting the leading-order U to Um results in Uo,1 = 1. Thus, from the outer expansions (4.11) and (4.13), we
have
U = UmUo = Um +
u∗
w∗
u∗Uo,2a +
we
w∗
VgUo,2b, (4.19)
V = VgVo =
u∗
w∗
u∗Vo,2a +
we
w∗
VgVo,2b . (4.20)
The leading-order expansions (4.17) and (4.18) are not valid in the roughness layer, confirming that the system
described by equations (4.9) and (4.10) is a singular perturbation problem. The second-order terms for U
U −Um =
u∗
w∗
u∗Uo,2a +
we
w∗
VgUo,2b (4.21)
are the difference between the mean velocity and Um. Inserting ∂Uo/∂zo (equation 4.14) into equation
(4.9) leads to ∂Uo,2b/∂zo = 0, since at the second order, equation (4.9) does not contain the parameter
(we/w∗)(Vg/Um) (section 4.2.3 further shows that Uo,2b = 0). Equation (4.21) is a new velocity-defect
law, which we term the mixed-layer velocity-defect law. The scale of the defect is u∗(u∗/w∗), which is
asymptotically smaller than that in a neutral boundary layer (u∗). Physically this is because the larger vertical
velocity variance (∼ w2∗ ) reduces the mean shear to maintain the same shear stress. Some previous works
(e.g., Zilitinkevich & Deardorff 1974; Garratt et al. 1982) defined the velocity defect as U −Ug, which also
depends on we and f as discussed later in this subsection. With such a definition, the variations of U in the
outer layer, which is asymptotically smaller than U −Ug, is obscured. Consequently, this definition does not
reflect the velocity defect in the outer layer.
The new velocity-defect law further indicates the importance of the mixed-layer mean velocity scale
Um. This defect law provides the scaling of the variations of the mean velocity in the mixed layer, and
therefore is different in nature from that of Garratt et al. (1982), which describes the difference between the
height-averaged mean velocity and the geostrophic wind.
Similarly, inserting ∂Vo/∂zo (equation 4.15) into equation (4.10) leads to ∂Vo,2a/∂zo = 0; since at
the second order, equation (4.10) does not contain the parameter f zi/w∗ (section 4.2.3 further shows that
Vo,2a = 0). We can evaluate the magnitudes of V for typical values of w∗, we, and Vg using (4.20) as
V ∼
we
w∗
Vg ∼
0.03
2.0
× 1 ∼ 0.01 m/s. (4.22)
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Thus, the change in the direction of the mean velocity in the outer layer is negligible comparable to that across
the inversion layer (∼ 11◦ for Ug = 5 m/s and Vg = 1 m/s).
The equation for the second-order term Uo,2a is:
∂uwo,1
∂τ
+ w2
o,1
∂Uo,2a
∂zo
−
w2∗
u2∗
uθo,1 +
∂uw2o,1
∂zo
+
(
w
∂p
∂x
)
o
+
(
u
∂p
∂z
)
o
= 0 (4.23)
This equation does not contain a small parameter (The buoyancy production term is also of order one as the
horizontal flux is of order u2∗/w2∗ ). However, the scaling of w2o changes when z decreases to z < −L (from
u2f to u
2
∗ , Tong & Ding 2018), also resulting in a non-uniformly valid solution and a singular perturbation
problem, where u f = (βQz)1/3 is the local-free-convection velocity scale. Although equation (4.23) is not
explicitly used, it helps us identify the source of the singularity.
Given that the scale of vw is u2∗we/( f zi) = −Vgwe, we can write the mean momentum equation for
V as:
Vg
w∗
zi
∂Vo
∂τ
+
u2∗we
f zi
1
zi
∂vwo
∂zo
= f Um
Ug −U
Um
. (4.24)
Dividing this equation by Umw∗/zi results in
Vg
Um
∂Vo
∂τ
+
we
w∗
Vg
Um
∂vwo
∂zo
=
u∗
Vg
u∗
w∗
(
Ug −Um
Um
−
u∗
w∗
u∗
Um
Uo,2a). (4.25)
For z < zi , the mean velocity is quasi-steady, the time rate of change is dropped. Equation (4.24) becomes
∂vwo
∂zo
=
Ug −U
(u2∗we)/( f 2z2i )
. (4.26)
Both sides of equation (4.26) are of order one. It follows that Ug − Um scales as u2∗we/( f 2z2i ), which is the
jump in U across the inversion layer needed to balance the vertical derivative of the lateral stress in the outer
layer. Thus, we can define the mean velocity scale Um as
Um ≡ Ug −
u2∗we
f 2z2i
. (4.27)
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Garratt et al. (1982) obtained a similar expression for the height-averaged mixed-layer velocity. Thus,
∂vwo
∂zo
=
Ug −Um
(u2∗we)/( f 2z2i )
−
(u∗/w∗)u∗Uo,2a
(u2∗we)/( f 2z2i )
,
= 1 −
f 2z2i
w∗we
Uo,2a,
(4.28)
where,
f 2z2i
w∗we
∼
0.01
2 × 0.03
∼ 0.15. (4.29)
Thus, there are small but significant variations of ∂vwo/∂zo in the outer layer.
Using equation (4.20), the mean momentum equation for U can be written as
∂uwo
∂zo
=
f zi
u2∗
(V − Vg) =
Vg − V
Vg
,
=
Vg − V
Um
Um
Vg
= 1 −
we
w∗
Vg
Um
Um
Vg
Vo,2b,
= 1 −
we
w∗
Vo,2b .
(4.30)
The parameter we/w∗ is estimated as
we
w∗
∼
0.03
2
∼ 0.015, (4.31)
indicating that the second-order terms on the right hand side of equation (4.30) is of higher order, i.e., to
the leading-order, the uwo varies linearly with zo. Therefore the Coriolis term is of higher order and at the
leading order Earth’s rotation does not affect the fundamental characteristics of the convective atmospheric
boundary layer.
We note that ifw2∗ is used as the scale for the kinematic stress (uw = w2∗uwo) to focus on the dynamics
of u2o and w2o, the non-dimensional shear-stress transport equation becomes,
∂uwo
∂τ
+
Um
w∗
w2o
∂Uo
∂zo
− uθo +
∂uw2o
∂zo
+
(
w
∂p
∂x
)
o
+
(
u
∂p
∂z
)
o
= 0. (4.32)
All the terms in this equation are of higher order, indicating that in the outer layer, the effects of the shear-stress
dynamics on that of u2o and w2o are of higher order, whereas the leading budget terms in the equations of u2o
and w2o are of order one (Tong & Ding 2018).
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4.2.2 The inner-outer expansion
Two inner layers have been previously identified in the convective boundary layer (Tong & Ding
2018, Tong & Ding 2019): one has a length scale of −L , which we term the inner-outer layer, and the other
has a scale of h0, which we term the inner-inner layer. This structure is in contrast with the neutral boundary
layer, which has only one inner layer, and is a key difference between a convective boundary layer and a neutral
one.
Tong & Ding (2018) have shown analytically using the budget equations for w2 and θ2 that their
scaling changes as z decreases across −L, going from buoyancy dominated to shear dominated. Therefore −L
and u∗ are the length scale and vertical velocity scale respectively. Accordingly, we define the dimensionless
inner-outer variables as:
U(z) = UmUio(−
z
L
), V(z) = VgVio(−
z
L
), uw = u2∗uwio, vw =
u2∗we
f zi
(−
L
zi
)vwio,
z = −Lzio, uθ = Quθio, w2 = u2∗w
2
io .
(4.33)
The scale for vw is such because its gradient is of the same order of magnitude as in the outer layer (Ug −U
is constant to the leading order). Writing equations (4.2) and (4.3) in terms of the inner-outer variables,
∂uwio
∂τ
u2∗w∗
zi
+ u2∗w
2
io
Um
−L
∂Uio
∂zio
−
g
T
Quθio +
u3∗
−L
( ∂uw2io
∂zio
+
(
w
∂p
∂x
)
io
+
(
u
∂p
∂z
)
io
)
= 0, (4.34)
∂vwio
∂τ
u2∗we
f zi
(−
L
zi
)
w∗
zi
+ u2∗w
2
io
Vg
−L
∂Vio
∂zio
−
g
T
Qvθio +
u∗
zi
u2∗we
f zi
( ∂vw2io
∂zio
+
(
w
∂p
∂y
)
io
+
(
v
∂p
∂z
)
io
)
= 0, (4.35)
and dividing by u2∗Um/(−L) results in the non-dimensional shear-stress budget equations in the inner-outer
layer,
u2∗
w2∗
u∗
Um
∂uwio
∂τ
+ w2io
∂Uio
∂zio
−
u∗
Um
uθio +
u∗
Um
( ∂uw2io
∂zio
+
(
w
∂p
∂x
)
io
+
(
u
∂p
∂z
)
io
)
= 0, (4.36)
u4∗we
w5∗
Vg
Um
∂vwio
∂τ
+ w2io
Vg
Um
∂Vio
∂zio
−
u∗
Um
vθio +
u2∗
w2∗
we
w∗
Vg
Um
( ∂vw2io
∂zio
+
(
w
∂p
∂y
)
io
+
(
v
∂p
∂z
)
io
)
= 0. (4.37)
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The scaling of the u∂p/∂z can be obtained using the MMO scaling of the u–∂p/∂z cospectrum.
The results (equation 2.16 and section 3.5 of Tong & Ding (2019)) show from first principles that the spectra
of u and ∂p/∂z in the convective range (1/zi < k < −1/L) have scaling exponents of −5/3 and −1/3
respectively, the latter is caused by buoyancy fluctuations, where k is the horizontal wavenumber. Their
cospectrum therefore has a scaling exponent no less than −1, i.e., the cospectrum cannot be steeper that k−1,
because u and ∂p/∂z may be less correlated at scales larger than −L as it is an off-diagonal component of the
velocity-pressure gradient tensor. Thus u∂p/∂z at z ∼ −L is dominated by the scales near −L, and therefore
u3∗/L is its proper scale. The spectral scaling exponents of w and ∂p/∂x are 1/3 and −1/3 respectively, the
latter has the same scaling as ∂p/∂z. Therefore w∂p/∂x is also dominated by the scales near −L and scales
as u3∗/L. However, this term is smaller than u∂p/∂z because w is smaller than u at z ∼ −L. The scaling of
the velocity-pressure gradient terms is consistent with the role of these terms (partly) as the destruction rate
of the shear stress. The transport term ∂uw2io/∂zio is small above the convection-induced-stress layer (Tong
& Ding 2019, Businger 1973, Sykes et al. 1993, Grachev et al. 1997, and Zilitinkevich et al. 2006). The
different scaling of u∂p/∂z in the outer and inner-outer layers also contributes to the singular nature of the
problem.
There are two small parameters u∗/Um and (u2∗/w2∗ )(we/w∗)(Vg/Um) in equations (4.36) and (4.37),
which are a result of the inner-outer scales (given in equation 4.33) and the terms in the budget equations.
Thus, in general, we can write the inner-outer expansions of U and V as
Uio(zio) = Uio,1(zio) +
u∗
Um
Uio,2a(zio) +
u2∗
w2∗
we
w∗
Vg
Um
Uio,2b(zio), (4.38)
Vg
Um
Vio(zio) =
Vg
Um
Vio,1(zio) +
u∗
Um
Vio,2a(zio) +
u2∗
w2∗
we
w∗
Vg
Um
Vio,2b(zio), (4.39)
thus,
Vio(zio) = Vio,1(zio) +
u∗
Vg
Vio,2a(zio) +
u2∗
w2∗
we
w∗
Vio,2b(zio). (4.40)
The velocity gradients are,
∂Uio
∂zio
=
∂Uio,1
∂zio
+
u∗
Um
∂Uio,2a
∂zio
+
u2∗
w2∗
we
w∗
Vg
Um
∂Uio,2b
∂zio
, (4.41)
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∂Vio
∂zio
=
∂Vio,1
∂zio
+
u∗
Vg
∂Vio,2a
∂zio
+
u2∗
w2∗
we
w∗
∂Vio,2b
∂zio
. (4.42)
In general, there are two inner-outer expansions, one to be matched with the outer expansion and
other one to be matched with the inner-inner expansion. However, the expansions in (4.38–4.42) (up to
the second order) can be matched with both the outer expansion and the inner expansion because it is the
leading-order expansion for the velocity derivative.
Inserting ∂Uio/∂zio and ∂Vio/∂zio into equations (4.36) and (4.37), the only leading-order terms
are the mean-shear production terms. Thus,
∂Uio,1
∂zio
= 0,
∂Vio,1
∂zio
= 0. (4.43)
By matching with leading-order term of the outer solution (4.19) and (4.20) (Formal matching is given in
equation 2.54), we have
Uio,1 = 1, Vio,1 = 0. (4.44)
Thus, from the inner-outer expansions (4.38) and (4.40), the inner-outer solution is,
U = UmUio = Um + u∗Uio,2a +
u2∗
w2∗
we
w∗
VgUio,2b, (4.45)
V = VgVio = u∗Vio,2a +
u2∗
w2∗
we
w∗
VgVio,2b . (4.46)
From the inner-outer solution (4.45), we have,
U −Um = u∗Uio,2a +
u2∗
w2∗
we
w∗
VgUio,2b, (4.47)
Inserting ∂Uio/∂zio (equation 4.41) into equation (4.36) leads to ∂Uio,2b/∂zio = 0, since at the second order,
equation (4.36) does not contain the parameter (u2∗/w2∗ )(we/w∗)(Vg/Um) (section 4.2.3 further shows that
Uio,2b = 0). Equation (4.47) is another new velocity-defect law, the surface-layer velocity-defect law, in the
convective atmospheric boundary layer. Thus the z/L dependence of U is in the form of a velocity-defect law,
not the law of the wall. The term “surface layer" here is used to indicate that the range of heights within which
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this velocity-defect law is valid is inside the surface layer, not that the defect law is valid in the entire surface
layer. Equation (4.44) shows that Um is also the upper boundary condition for the leading-order velocity in
the inner-outer layer (due to the asymptotically small velocity defect in the outer layer), indicating that the
mean velocity in this layer is coupled to the mixed layer rather than to the surface. Again, previous works
(e.g., Zilitinkevich & Deardorff 1974; Garratt et al. 1982) used U −Ug as the defect, which does not reflect
the velocity defect in the surface layer.
We note that the surface-layer velocity-defect law cannot be obtained using MOST, as the velocity
scale Um is not a parameter in the M-O similarity. Since MOST only involve the surface-layer parameters,
it can only provide the Monin–Obukhov similarity functions. The surface-layer velocity-defect law, on the
other hand, also needs to include Um.
The inner-outer layer also limits the extent of the outer layer. In the neutral ABL the outer layer
extends down to heights z  h0. In the CBL, on the other hand, it only extends down to heights of order −L
due to the small velocity defect in the outer layer. Note that the inner–outer solution (4.44) are not valid in the
roughness layer, indicating that there is still another singular (inner) layer.
Similarly, inserting ∂Vio/∂zio (equation 4.42) into equation (4.37) leads to ∂Vio,2a/∂zio = 0, since
at the second order, equation (4.37) does not contain the parameter u∗/Vg (section 4.2.3 shows thatVio,2a = 0).
We evaluate the magnitude of V using typical values of u∗, w∗, we, and Vg,
V ∼
u2∗
w2∗
we
w∗
Vg ∼
0.32
22
0.03
2
× 1 ∼ 4 × 10−4 m/s. (4.48)
indicating that the change in the direction of the mean velocity direction in this layer is also negligible.
The equation for the second-order term Uio,2a is:
u2∗
w2∗
∂uwio,1
∂τ
+ w2
io,1
∂Uio,2a
∂zio
− uθio,1 +
∂uw2io,1
∂zio
+
(
w
∂p
∂x
)
io
+
(
u
∂p
∂z
)
io
= 0. (4.49)
Equation (4.49) contains a small parameter u2∗/w2∗ in the time derivative term, which becomes order
one in equation (4.23) (the outer layer). In addition, the scaling of w2 and u∂p/∂z changes when z increases
from z < −L to z  −L, as discussed in section (4.2.1). Therefore equations (4.23) and (4.49) form a
singular perturbation problem. The leading-order expansions Uo,2a and Uio,2a can be obtained by the method
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of matched asymptotic expansions.
From the mean momentum equation for V , we can write the inner-outer expansion of ∂vw/∂z as
∂vwio
∂zio
=
Ug −Um
(u2∗we)/( f 2z2i )
−
u∗Uio,2a
(u2∗we)/( f 2z2i )
,
= 1 −
f 2z2i
u∗we
Uio,2a,
(4.50)
where,
f 2z2i
u∗we
∼
0.01
0.3 × 0.03
∼ 1. (4.51)
Thus there are also significant variations of the gradient of vwio in the inner-outer layer. From the mean
momentum equation for U, we can write the inner-outer expansion of ∂uw/∂z,
∂uwio
∂zio
= −
f L
u2∗
(V − Vg) = −
L
zi
+
L
zi
u2∗
w2∗
we
w∗
Vio,2b  1. (4.52)
Thus, the variations of the gradient of uwio in the inner-outer layer are of higher order, (i.e., the stress is
approximately constant). Although the variations of the vwio gradient is of order one, vw itself is of higher
order compared to uw. Thus, the behaviours of the inner-outer layer at the leading order is not affected by
Earth’s rotation.
4.2.3 Matching between the outer and the inner-outer expansion
The mean velocity in terms of the outer expansion (up to the second order) is
U = UmUo = Um(1 +
u∗
w∗
u∗
Um
Uo,2a +
we
w∗
Vg
Um
Uo,2b). (4.53)
In terms of the inner-outer expansion, it is
U = UmUio = Um(1 +
u∗
Um
Uio,2a +
u2∗
w2∗
we
w∗
Vg
Um
Uio,2b). (4.54)
Matching the two expansions we have
Um(1 +
u∗
w∗
u∗
Um
Uo,2a +
we
w∗
Vg
Um
Uo,2b) = Um(1 +
u∗
Um
Uio,2a +
u2∗
w2∗
we
w∗
Vg
Um
Uio,2b), (4.55)
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For the parameter (u∗/w∗)(u∗/Um), we have
u∗
w∗
u∗Uo,2a(
z
zi
) = u∗Uio,2a(−
z
L
). (4.56)
Thus,
u∗
w∗
(
z
L
L
zi
)α = (−
z
L
)α, α = −
1
3
, (4.57)
because L/zi has to cancel on the left-hand side (Note that −L/zi ∼ (u∗/w∗)3). This leads to
Uo,2a = Au(
z
zi
)−
1
3 , Uio,2a = Au(−
z
L
)−
1
3 . (4.58)
For the parameter (we/w∗)(Vg/Um), we have
we
w∗
VgUo,2b(
z
zi
) =
u2∗
w2∗
we
w∗
VgUio,2b(−
z
L
), (4.59)
u2∗
w2∗
(−
zi
L
z
zi
)β = (
z
zi
)β, β =
2
3
, (4.60)
leading to
Uo,2b = Bu(
z
zi
)
2
3 , Uio,2b = Bu(−
z
L
)
2
3 . (4.61)
However, since ∂Uo,2b/∂zo = 0, we have Bu = 0; thus Uo,2b = Uio,2b = 0. From (4.58) and (4.61) we can
write
U = Um + u∗Au(−
z
L
)−
1
3 . (4.62)
This is the velocity profile in the local-free-convection scaling layer. Monin & Obukhov (1954) predicted the
(−z/L)−1/3 scaling, but did not predict it as a velocity defect.
Similarly, for the V component of the mean velocity, matching results in
Vo,2a = Av(
z
zi
)−
1
3 , Vio,2a = Av(−
z
L
)−
1
3 , (4.63)
and
Vo,2b = Bv(
z
zi
)
2
3 , Vio,2b = Bv(−
z
L
)
2
3 . (4.64)
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Since ∂Vo,2a/∂zo = 0, we have Av = 0; thus Vo,2a = Vio,2a = 0. Thus we can write
V = BvVg
u2∗
w2∗
we
w∗
(−
z
L
)
2
3 . (4.65)
4.2.4 The inner–inner expansion
The inner-inner layer has a length scale of h0 and a velocity scale of u∗ (Tong & Ding 2018). We use
Um, Vg, u2∗ , h0 and Q to define the dimensionless inner-inner variables as:
U(z) = UmUii(
z
h0
), V(z) = VgVii(
z
h0
), uw = u2∗uwii, vw = f Ug(−L)vwii,
z = h0zii, uθ = Quθii, w2 = u2∗w
2
ii .
(4.66)
The scale for vw is obtained by integrating the leading-order mean momentum equation ∂vw/∂z = f Ug from
h0 to −L, with the upper limit determined by the fact that the vertical derivative of the lateral stress matches
that due to the entrainment. The shear-stress budget equations are:
∂uwii
∂τ
u2∗w∗
zi
+ u2∗w
2
ii
Um
h0
∂Uii
∂zii
−
g
T
Quθii +
u3∗
h0
( ∂uw2ii
∂zii
+
(
w
∂p
∂x
)
ii
+
(
u
∂p
∂z
)
ii
)
= 0, (4.67)
∂vwii
∂τ
f Ug(−L)
w∗
zi
+ u2∗w
2
ii
Vg
h0
∂Vii
∂zii
−
g
T
Qvθii +
u∗
h0
f Ug(−L)
( ∂vw2ii
∂zii
+
(
w
∂p
∂y
)
ii
+
(
v
∂p
∂z
)
ii
)
= 0. (4.68)
Dividing (4.67) and (4.68) by u2∗Um/h0 results in the non-dimensional shear-stress budget equations in the
inner-inner layer,
h0
zi
w∗
Um
∂uwii
∂τ
+ w2ii
∂Uii
∂zii
−
(g/T)Qh0
u2∗Um
uθii +
u∗
Um
( ∂uw2ii
∂zii
+
(
w
∂p
∂x
)
ii
+
(
u
∂p
∂z
)
ii
)
= 0, (4.69)
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h0
zi
f (−L)w∗
u2∗
Ug
Um
∂vwii
∂τ
+ w2ii
Vg
Um
∂Vii
∂zii
−
(g/T)Qh0
u2∗Um
vθii +
f (−L)
u∗
Ug
Um
( ∂vw2ii
∂zii
+
(
w
∂p
∂y
)
ii
+
(
v
∂p
∂z
)
ii
)
= 0.
(4.70)
Similar to the inner-outer layer, the scaling of the u∂p/∂z can be obtained using the MMO scaling
of the u–∂p/∂z cospectrum. Tong & Ding (2019) have shown that the spectrum of u in the dynamic range
have scaling exponents of −1. Near kz = 1, ∂p/∂z is balanced by the non-linear term (N3) in equation (3.19)
in Tong & Ding (2019), which has a spectral scaling exponent of 3. Therefore the u − ∂p/∂z cospectrum
therefore has a scaling exponent no less than 1. Thus u∂p/∂z is dominated by the scales near z, and u3∗/z is
its proper scale. Similarly, the spectral scaling of w and ∂p/∂x are both 1. Thus, w∂p/∂x is also determined
by the scales near z, thus having a scale of u3∗/z. For z → h0, we expect that u2∗/h0 is the proper scale for
these quantities. Again, the transport term is small.
Similar to equations (4.36) and (4.37) in the inner-outer layer, there are also two small (independent)
parameters u∗/Um and ( f (−L)/u∗)(Ug/Um) in the equations (4.69) and (4.70). Thus, we can write the
inner-inner expansions as
Uii(zii) = Uii,1(zii) +
u∗
Um
Uii,2(zii), (4.71)
Vg
Um
Vii(zii) =
Vg
Um
Vii,1(zii) +
f (−L)
u∗
Ug
Um
Vii,2(zii), (4.72)
thus,
Vii(zii) = Vii,1(zii) +
f (−L)
u∗
Ug
Vg
Vii,2(zii). (4.73)
The velocity gradients are
∂Uii
∂zii
=
∂Uii,1
∂zii
+
u∗
Um
∂Uii,2
∂zii
, (4.74)
∂Vii
∂zii
=
∂Vii,1
∂zii
+
f (−L)
u∗
Ug
Vg
∂Vii,2
∂zii
. (4.75)
Inserting ∂Uii/∂zii and ∂Vii/∂zii into equations (4.69) and (4.70), the only leading-order terms are the
mean-shear production terms. Thus,
∂Uii,1
∂zii
= 0,
∂Vii,1
∂zii
= 0, (4.76)
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and
Uii,1 = 0, Vii,1 = 0, (4.77)
since Uii,1 and Vii,1 must equal zero at some z value, which can be defined as h0. Thus, we can write the
inner-inner solution as,
U = UmUii = u∗Uii,2(zii), (4.78)
V = VgVii =
f (−L)
u∗
UgVii,2(zii). (4.79)
For a strongly convective boundary layer, e.g., −L = 20 m, u∗ = 0.3 m/s, Ug = 5 m/s, the lateral velocity is
of order f (−L)Ug/u∗ = 0.03 m/s, which is relatively small.
The mean momentum equation for V is
∂vwii
∂zii
=
h0
−L
−
h0
−L
u∗
Ug
Uii,2 +
dτryii
dzii
. (4.80)
The mean momentum equation for U is
∂uwii
∂zii
=
h0
zi
−
h0
zi
V
Vg
+
dτrxii
dzii
=
h0
zi
−
h0
zi
f (−L)
u∗
Ug
Vg
Vii,2 +
dτrxii
dzii
. (4.81)
Integrating these equations from h0 to zii and keeping the leading order result in
vwii,1 = 1 − τryii,1, (4.82)
uwii,1 = 1 − τrxii,1. (4.83)
Again, since vw is much smaller than uw, the behaviours of the inner-inner layer at the leading order is not
affected by Earth’s rotation at the leading order.
The equation for the second term Uii,2 is:
h0
zi
w∗
u∗
∂uwii
∂τ
+ w2ii
∂Uii,2
∂zii
−
(g/T)Qh0
u3∗
uθii +
( ∂uw2ii
∂zii
+
(
w
∂p
∂x
)
ii
+
(
u
∂p
∂z
)
ii
)
= 0 (4.84)
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Equation (4.84) contains a small parameter (g/T)Qh0/u3∗ in the uθii term, which becomes order one
in equation (4.49) (the inner-outer layer), and is a correction due to buoyancy production as z → −L. The
roughness contribution (as part of the pressure terms) in equation (4.49) is of higher order, which becomes
order one in equation (4.84). Thus equations (4.49) and (4.84) also form a singular perturbation problem. The
leading-order expansions Uio,2a and Uii,2 can be obtained by the method of matched asymptotic expansions.
4.2.5 Matching between the inner-outer and the inner-inner expansion
The mean velocity in terms of the inner-outer expansion is
U = UmUio = Um + u∗Uio,2a(zio). (4.85)
In terms of the inner-inner expansion, it is
U = UmUii = u∗Uii,2(zii). (4.86)
Matching the two expansions results in
Uii,2(−zio
L
h0
) =
Um
u∗
+Uio,2a(zio). (4.87)
This equation shows that Um/u∗ is a function of −L/h0. Differentiating equation (4.87) with respect to zio
results in
∂Uii,2
∂zio
= −
dUii,2
dzii
L
h0
=
dUio,2a
dzio
. (4.88)
Thus
dUii,2
dzii
zii =
dUio,2a
dzio
zio =
1
κ
, (4.89)
where κ does not depend on either zii or zio, and therefore does not depend on−L/h0. Differentiating equation
(4.87) with respect to −L/h0 results in
−
∂Uii,2
∂L/h0
=
dUii,2
dzii
zio = −
dUii,2
dzii
zii
h0
L
= −
dUm/u∗
dL/h0
. (4.90)
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The last term in equation (4.90) does not depend on zii . From equation (4.90) we obtain
Uii,2 =
dUm/u∗
dL/h0
L
h0
ln zii =
1
κ
ln zii =
1
κ
ln
z
h0
. (4.91)
Note that this expression is valid only in the matching layer. This h0 is defined by extrapolating the profile to
Uii,2 = 0. From equations (4.89) we obtain
Uio,2a =
dUm/u∗
dL/h0
L
h0
ln zio + C =
1
κ
ln zio + C =
1
κ
ln(−
z
L
) + C. (4.92)
Hence,
U = Um + u∗
(1
κ
ln(−
z
L
) + C
)
. (4.93)
Equation (4.91) provides a physical interpretation of the (inverse of) the von Kármán constant
1
κ
=
dUm/u∗
d ln(−L/h0)
: (4.94)
It is the rate of change of the friction velocity ratio Um/u∗ with respect to the logarithmic of the ratio of the
height of the shear-production-dominant layer to the roughness height. In a neutral boundary layer, it becomes
1
κ
=
dUm/u∗
d ln zi/h0
, (4.95)
which also has a clear physical interpretation. Equations (4.91) and (4.92) are the log law and the surface-layer
velocity-defect law in the matching layer. Combining the two equations results in
Um
u∗
=
1
κ
ln(−
L
h0
) − C. (4.96)
Differentiating this equation with respect to −L/h0 and consider equation (4.94), we find that C also does
not depend on −L/h0, and therefore is a constant. Equation (4.96) is the logarithmic friction law for the
convective atmospheric boundary layer, which we term the convective logarithmic friction law. Thus, for
the same Um, the surface stress increases with the surface temperature flux. Compared with the logarithmic
friction law for neutral boundary layers, the Obukhov length replaces the boundary layer (inversion) height,
because the convective eddies result in an asymptotically small mean velocity gradient in the mixed layer,
pushing Um down to the height −L.
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The discovery of the convective logarithmic friction law allows us to make several comments on the
previous geostrophic drag laws (or resistance laws) (Lettau 1959, Kazanski & Monin 1960, Csanady 1967,
Blackadar & Tennekes 1968, Brown 1973; Zilitinkevich & Deardorff 1974; Zilitinkevich 1975; Zilitinkevich
et al. 1992). First, the convective logarithmic friction law is derived analytically from first principles whereas
the geostrophic drag law were largely based on phenomenology. Second, the convective logarithmic friction
law is derived from the law of the wall and the surface-layer velocity-defect law, and is an exact leading-order
result relating u∗ to the velocity scale Um, not an extrapolation of the log law. No approximate velocity is
used. By contrast, some previous drag laws (e.g., Zilitinkevich et al. 1992) match the geostrophic wind with
an approximate velocity beyond the log layer (at a height z ∼ zi), and therefore are inherently approximate
and empirical. Third, as mentioned above the convective logarithmic friction law is derived using the
velocity defect U − Um, which scales with u∗ in the surface layer, whereas some other previous drag laws
(e.g., Zilitinkevich & Deardorff (1974); Zilitinkevich (1975)) used the velocity defect U −Ug, part of which
(Um − Ug) does not scale with u∗ (equation 4.27). Since u∗ is completely determined by Um and L/h0,
Um −Ug does not play a role in determining the friction, and therefore should not be an inherent part of the
drag law. Garratt et al. (1982) proposed a geostrophic drag law assuming that the mean velocity at the top of
the surface layer equals that in the mixed layer. However, it uses the empirical stability function ψm, which
may be inaccurate for large values of −z/L, whereas the convective logarithmic friction law does not involve
any empirical functions.
4.2.6 Overall mean velocity profile
The different functional forms of mean velocity in the three layers discussed in the preceding
subsections form an overall mean velocity profile. A schematic including the relationships among the
different layers and scaling ranges is shown in figure 4.1. In a neutral ABL, the inner layer, where the law of
the wall is valid, covers the entire surface layer. The outer layer, where the velocity-defect law holds, extends
into the surface layer, down to a height z  h0. By contrast, in a CBL, the inner-inner layer, where the law
of the wall (for rough wall) is valid, only extends to a height z < −L. The inner-outer layer covers the rest
of the surface layer (h0  z  zi), and follows the surface-layer velocity-defect law, with the velocity scale
u∗. The outer layer extends into the surface layer, but only down to z  −L, and follows the mixed-layer
velocity-defect law, with the velocity scale u2∗/w∗. There are two overlapping layers in which the mean velocity
profile conform to the log law and the local-free-convection scaling, respectively.
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The surface-layer velocity-defect law provides an important interpretation of the velocity profile
given in Monin & Obukhov (1954):
U(z) =
u∗
κ
[
f (
z
L
) − f (
h0
L
)
]
, (4.97)
where
f (
z
L
) =
∫
φm(z/L)
z/L
d(
z
L
). (4.98)
For h0/L  1, f (h0/L) ≈ ln(L/h0) since φm(0) = 1. Thus,
U(z) ≈
u∗
κ
[
f (
z
L
) + ln(
L
h0
)
]
. (4.99)
Using the convective logarithmic friction law (4.96), we can write
U(z) ≈
u∗
κ
[
f (
z
L
) +
Umκ
u∗
+ κC
]
, (4.100)
and
U −Um ≈
u∗
κ
[
f (
z
L
) + κC
]
. (4.101)
Thus f (z/L) is essentially part of the velocity defect. However, this relationship only becomes clear with the
derivation of the surface-layer defect-law.
The surface-layer velocity-defect law also provides an understanding of another form of the velocity
profile (Panofsky & Dutton 1984):
U
u∗
=
1
κ
[
ln
z
h0
− ψm(
z
L
)
]
, (4.102)
where
ψm(
z
L
) =
∫ z/L
0
[1 − φm(ζ)]
dζ
ζ
. (4.103)
We note that equation (4.103) is only valid for z/h0  1, i.e., in thematching (log) layer and above, because it is
obtained using the non-dimensional mean shear φm(z/L), which has the same region of validity. Furthermore,
although equation (4.102) might give the impression of a modified law of the wall (with an added dependence
on −z/L), in which a wall velocity scale (u∗) and a wall length scale (h0) are involved, it is not one. This can
be seen from the surface-layer velocity-defect law (equation 4.47), which shows that the dependence of U on
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−z/L comes entirely in the form of the velocity defect and does not depend on h0 (part of ψm cancels the
logarithmic term in equation 4.102),
To further examine equation (4.102), we derive it by inserting Um (equation 4.96) into the surface-
layer defect-law (4.47).
U =
u∗
κ
ln(−
L
h0
) − u∗C + u∗Uio,2a
=
u∗
κ
[
ln
z
h0
+ ln(−
L
z
)
]
− u∗C + u∗Uio,2a
=
u∗
κ
ln
z
h0
−
u∗
κ
ln(−
z
L
) − u∗C + u∗Uio,2a .
(4.104)
It can be seen that ψm(z/L) contains the velocity defect, which however also only becomes clear with the
derivation of equation (4.47). Since equation (4.102) was obtained without the knowledge of the surface-layer
velocity-defect law, it could only be obtained empirically.
The defect law (4.47) also shows that for z ∼ −L, the mean velocity U is of order Um because
Um −U ∼ u∗  Um. This behaviour however cannot be inferred from equations (4.97) and (4.102) as they
do not contain Um. Thus, while numerically the empirical velocity profile (equation 4.102) has the correct
behaviour and is useful for practical applications, its origin and interpretation only become clear with the
discovery of the surface-layer velocity-defect law. From a practical point of view, it may be more accurate to
use the surface-layer velocity-defect law rather than equation (4.102) for z/L & 1, as it is the difference of
two large terms (the term ln(z/h0) is actually cancelled).
The surface-layer velocity-defect law indicates that buoyancy effects reduce the extent of the law of
the wall. In a neutral boundary layer, the law of the wall is valid in the entire surface layer. By contrast,
in a convective boundary layer, it is only valid up to z < −L, i.e., it ceases to be valid as z approaches −L.
Thus buoyancy disrupts the law of the wall rather than modifying it. A key factor for the law of the wall is
the no-slip boundary condition (at z = h0). For z ≥ −L the larger vertical velocity variance due to buoyancy
production reduces the outer-layer velocity defect, imposing Um as the (upper) boundary condition on the
leading-order inner-outer layer velocity, thereby disrupting the law of the wall and resulting in the surface-layer
velocity-defect law. This defect law suggests that −L can also be interpreted as the height at which the mean
velocity ceases to be coupled to the surface velocity, and instead becomes coupled to the mixed-layer velocity
scale Um.
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4.3 Comparisons with LES
In this section we compare the velocity-defect laws and the logarithmic friction law with the mean
velocity profiles obtained using LES with different −zi/L values as shown in table 4.1. Since the scaling
laws are obtained for the barotropic CBL, comparisons with field data would require information about the
horizontal mean temperature gradient to ensure that baroclinic effects are negligible. We will leave such
comparisons to future studies.
We used the LES formulation described in detail in Moeng (1984). It has been well documented in
the literature (Moeng & Wyngaard 1988; Sullivan et al. 1994, 1996), and refined later by Otte & Wyngaard
(2001). The LES code solves the spatially-filtered momentum equation for Boussinesq flow and a transport
equation for a filtered conserved scalar, supplemented with a transport equation for the subgrid-scale turbulent
kinetic energy. The LES code uses pseudo-spectra representation in the horizontal directions and first-
order finite difference in the vertical direction, the latter implemented on a staggered mesh to maintain tight
velocity–pressure coupling. A third-order Runge-Kutta scheme (Spalart et al. 1991; Sullivan et al. 1996) is
used for the time stepping. Assuming that the mean wind and mean stress obey the Monin–Obukhov scaling,
we follow the procedure described by Moeng (1984) and compute the surface friction velocity u∗ from the
horizontal-mean wind speed at the first grid level. The local stress at each grid point at the surface is then
computed from u∗ based on the procedure described in the appendix of Moeng (1984), where the wind in the
surface drag law is decomposed into mean and fluctuating components. At the lower boundary, the surface
stress and flux are estimated using wall functions based on MOST (Businger et al. 1971). The Smagorinsky
model (Smagorinsky 1963; Lilly 1967; Moeng 1984) and Kosović model (Kosović 1997) are employed to
parameterize the subgrid-scale (SGS) fluxes.
The velocity scale Um in the velocity-defect laws is given in equation (4.27). However, since we is
not known in the present study (its determination is beyond the scope of this study), we determine Um using
an empirical approach involving two methods as follows. In the first method, we choose the Um value for
each U profile such that the curves collapse near the outer layer (z/zi ∼ 0.2), thus determining Um for each
profile up to a (common) constant. We then determine the constant by varying it until (Um − U)/(u2∗/w∗)
has an approximate (z/zi)−1/3 scaling in the overlapping region with the inner-outer layer. We note that the
(z/zi)−1/3 scaling is consistent with the (z/zi)−4/3 scaling for the mean velocity gradient obtained using LES
(not shown). In the second method, we collapse profiles in the inner-outer layer (−z/L ∼ 1), determining
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SGS Ug Q u∗ −L zi w∗ θ∗ −zi/L
model (m s−1) (K m s−1) (m s−1) (m) zi (m) (m s−1) (K) (1)
(1) Kosović 15 0.20 0.74 154.0 1045 1.89 0.11 6.79
(2) Kosović* 10 0.08 0.53 144.2 1011 1.38 0.05 7.01
(3) Smagorinsky 15 0.20 0.71 137.2 1040 1.88 0.11 7.58
(4) Smagorinsky 10 0.12 0.56 115.0 1092 1.62 0.07 9.50
(5) Kosović* 10 0.18 0.59 87.2 1031 1.81 0.10 11.82
(6) Smagorinsky* 10 0.12 0.51 84.9 1030 1.59 0.08 12.13
(7) Kosović 10 0.20 0.56 69.5 1048 1.89 0.11 15.08
(8) Smagorinsky 10 0.20 0.54 61.8 1055 1.89 0.11 17.07
(9) Kosović 9 0.20 0.52 54.5 1095 1.91 0.10 20.09
(10) Smagorinsky 9 0.20 0.51 49.8 1088 1.91 0.10 21.85
(11) Smagorinsky* 9 0.20 0.50 47.4 1081 1.91 0.10 22.81
(12) Smagorinsky 8 0.20 0.47 39.4 1092 1.91 0.11 27.72
(13) Smagorinsky 8 0.24 0.48 34.5 1095 2.03 0.12 32.17
(14) Kosović* 6 0.20 0.40 25.3 1099 1.92 0.10 43.41
Table 4.1: Large-eddy simulation parameters for 5123 and 10243 (*) resolutions. All simulations are
implemented with a domain size of 5120 m × 5120 m in the horizontal directions and 2048 m in the vertical
direction. The grid sizes (∆x, ∆y, ∆z) for 5123 and 10243 resolutions are (10 m, 10 m, 4 m) and (5 m, 5 m, 2 m),
respectively.
another Um value for each curve, again up to a (common) constant. We again determine the constant by
varying it until (Um −U)/u∗ has a (−z/L)−1/3 scaling in the overlapping region with the outer layer. The Um
values determined using the two methods are compared in figure 4.2. The difference between the values for
each case is typically less than 0.1 m/s, corresponding to approximately 10% of the (Um − U) value near
−z/L ∼ 1. Therefore the two methods yield consistent results, indicating the effectiveness of the approach,
and providing support to the velocity-defect laws.
The mixed-layer velocity-defect profiles obtained from LES with several −zi/L values employing the
Smagorinsky model are shown in figure 4.3(a) . The profiles collapse well in the mixed layer up to z/zi = 0.4,
supporting the mixed-layer velocity-defect law. For z/zi > 0.4, the differences among the profiles are larger,
perhaps due to the effects of the inversion layer.
The surface-layer velocity-defect law profiles (figure 4.4a) also collapse well near −z/L = 1. The
overlapping region also has a (−z/L)−1/3 scaling. While several profiles show a log region (figure 4.5a), those
with larger −zi/L do not, due to the lack of LES resolution for z  −L and the well-known overshoot in the
non-dimensional mean shear associated with the Smagorinsky model (Mason & Thomson 1992). Brasseur &
Wei (2010) proposed a method to solve the overshoot problem through a combination of the model coefficient
and resolution. However, its potential effects on the statistics of fluctuating variables are not clear at this
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Figure 4.2: The values of the mixed-layer mean velocity scale Um determined using two methods: collapsing
profiles in the outer layer (x-axis) and collapsing profiles in the inner-outer layer (y-axis). The number next to
each square denotes the LES run (table 4.1).
time. Exploring these effects is beyond the scope of this work. Therefore, we do not employ this method to
eliminate the overshoot.
The velocity defects obtained from LES employing the Kosović model are shown in figures 4.3(b),
4.4(b), and 4.5(b). The log law is more evident, due to the absence of the overshoot problem for this model.
The collapse is better than the Smagorinsky model, providing further support to the velocity-defect laws.
We note that the values of the model coefficients in the Kosović model are the same as those in Miles et al.
(2004), which have not been fine tuned to optimize the model performance, because we are interested in the
scaling properties, not the accuracy of the mean velocity profiles. While the velocity-defect profiles for the
two models do not collapse, their scaling behavior are correctly captured by both models, as evident from the
collapse of the profiles for each model.
The differences between the profiles (the extent of the log-law region and the value of the von Kármán
constant) obtained using the two SGS models indicate that the SGS model has strong effects and could result
in deviation from the M-O scaling. Therefore, it is unlikely that the M-O scaling of the LES mean velocity
profile at heights greater than the first few grid points is a result of the boundary condition.
To examine the convective logarithmic friction law, we plot Um/u∗ in figure 4.6 as a function of
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Figure 4.3: The mixed-layer velocity-defect profiles obtained from LES runs with several −zi/L values as
shown in table (4.1) using the (a) Smagorinsky model and (b) Kosović model. The arrows indicate the
ordinates that the curves correspond to.
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Figure 4.4: The surface-layer velocity-defect law profiles obtained from LES with several −zi/L values
using the (a) Smagorinsky model and (b) Kosović model. The arrows indicate the ordinates that the curves
correspond to.
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Figure 4.5: The surface-layer logarithmic law obtained from LES with several −zi/L values using the (a)
Smagorinsky model and (b) Kosović model. The value of the von Kármán constant is 0.35 and 0.55 for the
(a) Smagorinsky model and (b) Kosović model, respectively.
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Figure 4.6: The convective logarithmic friction law obtained from LES with several −zi/L values using the
Smagorinsky model (solid) and the Kosović model (dashed). The slope of the lines are obtained from figure
4.5.
−L/h0 for the same LES runs. The value of the von Kármán constant for each model (the inverse of the
slope) is obtained from figure 4.5 (0.35 and 0.55 for the Smagorinsky and Kosović models, respectively). In
spite of the difference in the values of the von Kármán constant obtained, the data points for each SGS model
follow the friction law well, indicating that the scaling laws predicted by LES are robust. Interestingly for
some of the LES runs with large −zi/L values, although the log law is not present, the convective logarithmic
friction law is followed, suggesting that the friction law is quite robust. Although the constants in the friction
law obtained for the Smagorinsky and Kosović models are different, perhaps due to the different predicted u∗
values, the scaling properties are correctly predicted by both models.
4.4 Conclusions and discussion
In the present work we derived analytically the mean velocity profile in the convective atmospheric
boundary layer that has Monin–Obukhov similarity (−L  zi). It is part of a comprehensive analytical
derivation of the MMO scaling properties of the surface-layer statistics, including the multi-point statistics
(Tong & Ding 2019), one-point fluctuation statistics (Tong & Ding 2018), and the mean field (present study).
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Note that the multi-point statistics cannot be predicted by MOST, while only some of the one-point fluctuation
statistics can be predicted by MOST.
The shear-stress budget equations (4.2 & 4.3) and the mean momentum equations (4.4 & 4.5) are
employed in the derivation. The scaling properties of the statistics in the shear-stress budget equations needed
for the derivation are obtained using predictions based on MMO. Previous analysis (Tong & Ding 2019) and
this work have shown that CBL is mathematically a singular perturbation problem. Therefore, we obtain the
mean velocity profile using the method of matched asymptotic expansions.
The analysis shows that the Coriolis force results in jumps in the streamwise and cross-stream
mean velocity components across the inversion layer, the former corresponding to the cross-stream shear
stress generated by the entrainment of the air above the inversion layer, and the latter corresponding to the
streamwise pressure gradient driving the flow in the boundary layer. The effects of Earth’s rotation on the
shear-stress budget equations are of higher order and are neglected. The change in the direction of the mean
velocity vector in the boundary layer due to Earth’s rotation is much smaller than across the inversion layer.
Three scaling layers are identified: the outer layer, which includes the mixed layer, the inner-outer
layer and the inner-inner layer, which includes the roughness layer. There are two overlapping layers, the
local-free-convection layer and the log layer, respectively. The analysis shows that in the outer layer the
leading term, the streamwise mean-shear production, is zero, resulting in a leading term velocity equaling
the mixed-layer mean velocity scale Um (equation 4.27). The second-order term is a velocity defect with a
scale of u∗(−zi/L)−1/3, leading to the discovery of the mixed-layer velocity-defect law (equation 4.21). In
the inner-outer layer, the leading-order term is also zero, again leading to a leading-order mixed-layer mean
velocity equaling Um. The second-order term is also a velocity defect, but with a scale of u∗, leading to the
discovery of the surface-layer velocity-defect law (equation 4.47). Asymptotically matching the expansions in
the outer and inner-outer layers resulting in the local-free-convection scaling for the U−component (equation
4.58) and a Coriolis term with a (−z/L)2/3 dependence for the V−component (equation 4.65). The existence
of the inner-outer layer limits the extent of the outer layer scaling to z > −L, instead of z  ho in the neutral
ABL. Previous attempts to examine the velocity defect defined it incorrectly as U − Ug instead of U − Um.
Furthermore, only one scale of velocity defect was found for both the inner-outer and the outer layers.
In the inner-inner layer, the zero leading-order mean-shear production leads to a zero leading-order
mean velocity. Matching the expansions in the inner-outer and the inner-inner layer leads to a log law
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contribution (equation 4.93).
A new friction law, the convective logarithmic friction law (equation 4.96) is obtained by combining
the log law in terms of the inner-outer and inner-inner variables and therefore is an exact leading-order result.
It has the same form as the logarithmic friction law for a neutral boundary layer over a rough wall, but with
the boundary layer height replaced by the Obukhov length. Intuitively this is because to the leading-order
mean velocity near z = −L is Um. This friction law can have important implications to practical applications.
The inverse of the von Kármán constant is obtained as the rate of change of Um/u∗ with respect to ln(−L/h0).
Previous geostrophic drag laws were obtained using approximation of the mean velocity and Ug instead of
Um.
The surface-layer velocity-defect law (equation 4.47) provides important interpretations of the ex-
pressions for the velocity profile: equation (4.97) (Monin & Obukhov 1954) and equation (4.102) (Panofsky
& Dutton 1984). The former is closer to the defect law, although this cannot be inferred from equation (4.102)
without the knowledge of the defect law. The latter profile has the appearance of a modified law of the wall
with an added dependence on −z/L. However, the defect law shows that the dependence of U/u∗ on −z/L
actually comes entirely in the form of the velocity defect. Therefore, it is not a modified law of the wall. In
addition, the fact that U → Um when z → −L cannot be inferred from this profile. Thus, while this profile
has the correct behaviour and is useful for practical applications, its origin and interpretation only become
clear with the discovery of the surface-layer velocity-defect law. The surface-layer velocity-defect law also
indicates that buoyancy effects reduce the extent of the law of the wall. In a convective boundary layer, it is
only valid up to z < −L, i.e., it ceases to be valid as z approaches −L.
We note that for the CBL with −L ∼ zi or −L > zi , buoyancy does not introduce an inner-outer layer
in the singular perturbation problem. Such a case can be analyzed as a modified neutral boundary layer, which
has a two-layer structure. In addition, the surface layer does not obey M-O similarity. Therefore, the CBL
with −L  zi (strong buoyancy) is structurally different from one with −L ∼ zi or −L > zi (weak buoyancy).
In the present work we performed preliminary comparisons of the derived mean velocity profile
to LES results. While the agreement is good, more comprehensive comparisons, especially with field
measurements, are needed to further validate the prediction as well as to establish the values of the coefficients
in the expansions. Preparations for a field campaign for this purpose are under way.
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The predicted mean velocity profile, especially the two velocity-defect laws, has implications for
applications where the mean velocity is important, such as transport of pollutants by the mean velocity
in the boundary layer, wind turbine, and aerodynamic loading on structures, etc. We note that it might
be numerically more accurate to using the surface-layer velocity-defect law instead of equation (4.102) in
practical applications. The convective logarithmic friction law can potentially be used to predict the surface
stress in meso- and large-scale simulations.
The present work is an integral part of a comprehensive derivation of MMO scaling using first
principles. In deriving the vertical velocity variance and temperature variance profiles in the CBL (Tong &
Ding 2018), the scaling properties of the terms in the variance equations (derived using MMO) and the mean
velocity gradient (provided by the present study) were used. The present study derives the scaling of the mean
velocity. The scaling of the terms in the shear-stress and mean momentum equations (provided by MMO)
was used. The results from these derivations are the solution of the set of simultaneous equations employed
in the derivations, and are comprehensive MMO scaling properties.
The fact that multi-point statistics represent the complete surface-layer similarity, whereas one-point
statistics do not, suggests that the similarity properties of these statistics are different in nature. Tong &
Ding (2019) have shown that the surface-layer similarity of multi-point statistics results directly from that of
the surface-layer eddies, suggesting that the former is fundamental similarity. The similarity of one-point
statistics, on the other hand, results indirectly from that of the surface-layer eddies, and may involve additional
aspects of the surface-layer dynamics (e.g., variance and mean momentum equations). It needs to be derived
from the similarity properties of the multi-point statistics, therefore, is derived similarity.
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Chapter 5
Conclusions
This work is a comprehensive analytical derivation of the multi-point Monin-Obukhov similarity
theory (MMO) scaling properties of the surface-layer statistics, including the one-point fluctuation statistics
(chapter 2), multi-point statistics (chapter 3), and the mean field (mean velocity) (chapter 4). In this work,
we aimed to provide an analytical derivation and a more universal framework of the similarity properties of
the turbulence statistics in the atmospheric surface layer. Monin–Obukhov similarity theory (MOST) (Monin
& Obukhov 1954; Obukhov 1946), which is the theoretical foundation for understanding the atmospheric
surface layer, has been successfully used in predicting the surface-layer scaling. However, it has also been
shown to be incomplete, failing to predict some important surface-layer statistics, such as the horizontal
velocity variances and the large-scale horizontal velocity spectra. Multi-point Monin–Obukhov similarity
theory (MMO), proposed by Tong & Nguyen (2015) to address the incomplete similarity of MOST, provides
a complete similarity framework and successfully predicted the turbulence spectra. MOST and MMO are
both proposed as hypotheses based on phenomenology. To derive MOST and MMO analytically from first
principles, we employed the method of asymptotic expansions in this work. This work also provide a better
understanding about the singularity in the convective atmospheric surface layer.
In chapter 2, we employed the method of matched asymptotic expansions to derive analytically
MOST for the variances of the vertical velocity and potential temperature. The equations for the horizontal
and vertical velocity and potential temperature variances were used in the analysis. The problemwas shown to
be a singular perturbation problem with two layers: outer and inner layers, which has dominance of buoyancy
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and shear effects respectively. The Obukhov length L was found to be the length scale of the inner layer and the
inner expansions depend only on z/L, thus proving MOST for the vertical velocity and potential temperature
variances. The local-free-convection scaling was obtained by matching the leading-order terms in two layers.
Corrections for the leading-order terms (i.e., the departure from the scaling for −z/L ∼ 1 and z/zi ∼ 1),
which cannot be obtained by dimensional analysis, are also derived by matching the second-order terms. The
composite solution is obtained by combing the leading-order and second-order terms, which agrees very well
with the Kansas, Minnesota, Ashchurch, and Atmospheric Radiation Measurement (ARM) field data.
In chapter 3, we used the Navier-Stokes equations and the potential temperature equation in the
Fourier space to analytically derive the MMO similarity for the case of two-point statistics with horizontal
separations. The surface-layer similarity of the horizontal Fourier transforms of the velocity and potential
temperature fluctuations are derived, which are equivalent to the two-point horizontal differences of these
variables. We showed that for wavenumbers k < 1/z in a convective surface layer, as z decreases from z > −L
to z < −L, the scaling of the solution does not change. Thus, the solution is uniformly valid with respect to
z. However, the solution is not uniformly valid with respect to k. Because as k increases from k < −1/L
to k > −1/L, the scaling changes due to the shear effects, which results in a singular perturbation problem.
Therefore, we used the method of matched asymptotic expansions to analyse the problem.
In the analysis, the convective-dynamic layer (z  −L) is found to have three layers: the outer,
inner-outer, and inner-inner layers. The Obukhov length L is obtained analytically as the characteristic length
scale of the inner-outer layer, proving a key hypothesis of MMO. The two new scaling ranges, the convective
range (k  −1/L) and dynamic range (k  −1/L), discovered in Tong & Nguyen (2015) were shown to be
located between these layers. The inner-outer expansions were shown to be functions of the non-dimensional
wavenumber −kL, a new independent similarity variable as in MOST, which provided a proof of MMO for
the case of two-point statistics. We derived the leading-order scaling exponents for the two scaling ranges the
second-order corrections to the scaling ranges using matched asymptotic expansions.
In chapter 4, we derived analytically themean velocity profile in the convective atmospheric boundary
layer (CBL), which hasMonin-Obukhov similarity (−L  zi). The shear-stress budget equation and the mean
momentum equations are employed in the analysis. The scaling properties of the statistics in the equations
needed for the derivation are obtained from predictions based on MMO. Previously and in this work, the
CBL is shown to be mathematically a singular perturbation problem. Thus, we used the method of matched
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asymptotic expansions to derive the mean velocity profile.
The CBL is shown be a three-layer structure: the outer layer, which includes the mixed layer, the
inner-outer layer and the inner-inner layer. Two new velocity defect laws were discovered: the mixed-layer
velocity-defect law and the surface-layer velocity-defect law. There are two overlapping layers: the local-
free-convection layer and the log layer, respectively. Therefore, the local-free-convection scaling and the
log law were obtained by asymptotically matching the leading-order terms in the overlapping layers. A
new friction law, the convective logarithmic friction law is obtained by combining the log law in terms of
the inner-outer and inner-inner variables. We also performed preliminary comparisons of the derived mean
velocity profile to LES results. While the agreement is good, more comprehensive comparisons, especially
with field measurements, are needed to further validate the prediction.
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